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Abstra
tIn this paper we brie�y introdu
e a Wide Spe
trum Language and its transformation theoryand des
ribe a re
ent su

ess of the theory: a general re
ursion removal theorem. This theoremin
ludes as spe
ial 
ases the two te
hniques dis
ussed by Knuth [12℄ and Bird [7℄. We des
ribesome appli
ations of the theorem to 
as
ade re
ursion, binary 
as
ade re
ursion, Gray 
odes,the Towers of Hanoi problem, and an inverse engineering problem.
1 Introdu
tionIn this paper we brie�y introdu
e some of the ideas behind the transformation theory we havedeveloped over the last eight years at Oxford and Durham Universities and des
ribe a re
ent result:a general re
ursion removal theorem.We use a Wide Spe
trum Language (
alled WSL), developed in [19,20,21℄ whi
h in
ludes low-level programming 
onstru
ts and high-level abstra
t spe
i�
ations within a single language. Work-ing within a single language means that the proof that a program 
orre
tly implements a spe
i�
a-tion, or that a spe
i�
ation 
orre
tly 
aptures the behaviour of a program, 
an be a
hieved by meansof formal transformations in the language. We don't have to develop transformations between the�programming� and �spe
i�
ation� languages. An added advantage is that di�erent parts of theprogram 
an be expressed at di�erent levels of abstra
tion, if required.Re�nement is de�ned in terms of the denotational semanti
s of the language: the semanti
s ofa program S is a fun
tion whi
h maps from an initial state to a �nal set of states. The set of �nalstates represents all the possible output states of the program for the given input state. Using aset of states enables us to model nondeterministi
 programs and partially de�ned (or in
omplete)spe
i�
ations. For programs S1 and S2 we say S1 is re�ned by S2 (or S2 is a re�nement of S1) andwrite S1 6 S2 if S2 is more de�ned and more deterministi
 than S1. If S1 6 S2 and S2 6 S1 thenwe say S1 is equivalent to S2 and write S1 � S2. A transformation is an operation whi
h mapsany program satisfying the appli
ability 
onditions of the transformation to an equivalent program.Equivalen
e is thus de�ned in terms of the external �bla
k box� behaviour of the program. See [19℄and [20℄ for a des
ription of the semanti
s of WSL and the methods used for proving the 
orre
tnessof transformations.In developing a model based theory of semanti
 equivalen
e, we use the popular approa
h ofde�ning a 
ore �kernel� language with denotational semanti
s, and permitting de�nitional extensionsin terms of the basi
 
onstru
ts. In 
ontrast to other work, we do not use a purely appli
ative kernel;instead, the 
on
ept of state is in
luded, using the �atomi
 des
ription� 
onstru
t of Ba
k [4℄ whi
halso allows spe
i�
ations expressed in �rst order logi
 as part of the language, thus providing agenuine �wide spe
trum language�. Unlike the CIP proje
t [5℄ and others (eg [6,8℄) our kernellanguage will have state introdu
ed right from the start so that it 
an 
ope easily with imperative
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programs. Our experien
e is that an imperative kernel language with fun
tional extensions is moretra
table than a fun
tional kernel language with imperative extensions. Unlike Bird [8℄ we did notwant to be restri
ted to a purely fun
tional language sin
e this is in
ompatible with the aims of atrue wide spe
trum language.This approa
h has proved highly su

essful, our su

esses to date in
lude:� Deriving 
omplex algorithms in a systemati
 way from their spe
i�
ations;� Improving the e�
ien
y of programs;� Deriving the spe
i�
ation of an unstru
tured program from the sour
e 
ode (�Inverse Engi-neering�);� Dis
overing bugs in a program by attempting to transform it into a spe
i�
ation.
2 The Wide Spe
trum LanguageOur kernel language has two primitive statements: the atomi
 spe
i�
ation and the guard statement.The atomi
 spe
i�
ation is based on Ba
k's atomi
 des
ription [4℄; it is written x=y:Q, where Qis a formula of �rst order logi
 and x and y are sets of variables. Its e�e
t is to add the variablesin x to the state spa
e, assign new values to them su
h that Q is satis�ed, remove the variablesin y from the state and terminate. If there is no assignment to the variables in x whi
h satis�esQ then the atomi
 spe
i�
ation does not terminate. The guard statement is written [P℄, where Pis a formula of �rst order logi
. The statement [P℄ always terminates, it enfor
es P to be true atthis point in the program. In e�e
t it restri
ts previous nondeterminism to those 
ases whi
h leaveP true at this point. If this 
annot be ensured then the set of possible �nal states is empty, andtherefore all possible �nal states will satisfy any desired 
ondition. Hen
e the �null guard�, [false℄, isa �
orre
t re�nement� of any spe
i�
ation whatsoever. Clearly guard statements 
annot be dire
tlyimplemented but they are nonetheless a useful theoreti
al tool.Morgan and others [13,14,15,16℄ use a di�erent spe
i�
ation statement, written x : [Pre;Post℄.This statement is guaranteed to terminate for all initial states whi
h satisfy Pre and will termi-nate in a state whi
h satis�es Post while only assigning to variables in the list x. It is thus a
ombination of an assignment and a guard statement. In our notation an equivalent statement isfPreg; [9x:Post℄; x=hi:Post. We �nd it more natural to separate guard statements from assignments,otherwise it is easy to (
orre
tly) re�ne a spe
i�
ation into an (unimplementable) null statement.The kernel language is 
onstru
ted from these two primitive statements, a set of statement vari-ables (these are symbols whi
h will be used to represent the re
ursive 
alls of re
ursive statements)and the following three 
ompounds:1. Sequential Composition: (S1; S2)First S1 is exe
uted and then S2.2. Choi
e: (S1 u S2)One of the statements S1 or S2 is 
hosen for exe
ution.3. Re
ursive Pro
edure: (�X:S1)Within the body S1, o

urren
es of the statement variable X represent re
ursive 
alls to thepro
edure.The kernel language we have developed is parti
ularly elegant and tra
table but is too primitiveto form a useful wide spe
trum language for the transformational development of programs. Forthis purpose we need to extend the language by de�ning new 
onstru
ts in terms of the existingones using �de�nitional transformations�. A series of new �language levels� is built up, with thelanguage at ea
h level being de�ned in terms of the previous level: the kernel language is the �levelzero� language whi
h forms the foundation for all the others. Ea
h new language level automati
allyinherits the transformations proved at the previous level, these form the basis of a new transfor-
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mation 
atalogue. Transformations of the new language 
onstru
t are proved by appealing to thede�nitional transformation of the 
onstru
t and 
arrying out the a
tual manipulation in the previ-ous level language. This te
hnique has proved extremely powerful in the development of a pra
ti
altransformation system whi
h 
urrently implements over three hundred transformations, a

essiblethrough a simple user interfa
e [10℄.Within expressions we use the following notation:Sequen
es: s = ha1; a2; : : : ; ani is a sequen
e, the ith element ai is denoted s[i℄, s[i : : j℄ is thesubsequen
e hs[i℄; s[i + 1℄; : : : ; s[j℄i, where s[i : : j℄ = hi (the empty sequen
e) if i > j. Thelength of sequen
e s is denoted `(s), so s[`(s)℄ is the last element of s. We use s[i : :℄ as anabbreviation for s[i : : `(s)℄.Sequen
e 
on
atenation: s1 ++ s2 = hs1[1℄; : : : ; s1[`(s1)℄; s2[1℄; : : : ; s2[`(s2)℄i.Sta
ks: Sequen
es are also used to implement sta
ks, for this purpose we have the following no-tation: For a sequen
e s and variable x: x  s means x := s[1℄; s := s[2 : :℄ whi
h pops anelement of the sta
k into variable x. To push the value of the expression e onto sta
k s weuse:s := hei ++ s.Sets: We have the usual set operations [ (union), \ (interse
tion) and� (set di�eren
e), � (subset),2 (element), } (powerset). f x 2 A j P (x) g is the set of all elements in A whi
h satisfypredi
ate P . For the sequen
e s, set(s) is the set of elements of the sequen
e, i.e. set(s) =f s[i℄ j 1 6 i 6 `(s) g.Substitution: The expression S[S2=S1℄ where S, S1 and S2 are statements means the result ofrepla
ing all o

urren
es of S1 in S by S2.2.1 Language ExtensionsThe �rst set of language extensions are as follows. These go to make up the ��rst level� language.Subsequent extensions will be de�ned in terms of the �rst level language. For the purposes ofthis paper we will des
ribe only a subset of the language extensions. See [20℄ and [19℄ for a more
omplete de�nition.� Sequential 
omposition: The sequen
ing operator is asso
iative so we 
an eliminate the bra
k-ets: S1; S2; S3; : : : ; Sn =DF (: : : ((S1; S2); S3); : : : ; Sn)� Deterministi
 Choi
e: We 
an use guards to turn a nondeterministi
 
hoi
e into a deterministi

hoi
e: if B then S1 else S2 � =DF (([B℄; S1) u ([:B℄; S2))� Assertion: An assertion is a partial skip statement, it aborts if the 
ondition is false but doesnothing if the 
ondition is true. It 
an be de�ned using an atomi
 spe
i�
ation whi
h 
hangesno variables: fBg =DF hi=hi:B� Assignment: We 
an express a general assignment using a pair of atomi
 spe
i�
ations:x := x0:Q =DF x0=hi:Q; x=x0:(x = x0)� Simple Assignment: If Q is of the form x0 = t where t is a list of terms and x00 is a list of newvariables, then: x := t =DF x00=hi:(x = t); x0=x00:(x0 = x00)
3



� Nondeterministi
 Choi
e: The �guarded 
ommand� of Dijkstra [11℄:if B1 ! S1ut B2 ! S2: : :ut Bn ! Sn �
=DF (((: : :(([B1℄; S1) u([B2℄; S2)) u: : : ) u([Bn℄; Sn)) u([:(B1 _ B2 _ � � � _ Bn)℄; abort))� Deterministi
 Iteration: We de�ne a while loop using a new re
ursive pro
edure X whi
h doesnot o

ur free in S: while B do S od =DF (�X:(([B℄; S; X) u [:B℄))� Nondeterministi
 Iteration:do B1 ! S1ut B2 ! S2: : :ut Bn ! Sn od
=DF while (B1 _ B2 _ � � � _ Bn) doif B1 ! S1ut B2 ! S2: : :ut Bn ! Sn � od� Initialised lo
al Variables:var x := t : S end =DF x=hi:(x = t; S; hi=x:true� Counted Iteration:for i := b to f step s do S od =DF var i := b :while i 6 f doS; i := i+ s od end� Pro
edure 
all: pro
 X � S. =DF (�X:S)� Blo
k with lo
al pro
edure:begin S1 where pro
 X � S2. end =DF S1[pro
 X � S2.=X℄2.2 Exit StatementsOur programming language will in
lude statements of the form exit(n), where n is an integer, (nota variable) whi
h o

ur within loops of the form do S od where S is a statement. These weredes
ribed in [12℄ and more re
ently in [18℄. They are �in�nite� or �unbounded� loops whi
h 
anonly be terminated by the exe
ution of a statement of the form exit(n) whi
h 
auses the programto exit the n en
losing loops. To simplify the language we disallow exits whi
h leave a blo
k or aloop other than an unbounded loop).Previously, the only formal treatments of exit statements have treated them in the same wayas unstru
tured goto statements by adding �
ontinuations� to the denotational semanti
s of allthe other statements. This adds greatly to the 
omplexity of the semanti
s and also means thatall the results obtained prior to this modi�
ation will have to be re-proved with respe
t to thenew semanti
s. The approa
h taken in our work, whi
h does not seem to have been tried before,is to express every program whi
h uses exit statements and unbounded loop in terms of the �rst4



level language without 
hanging the language semanti
s. This means that the new statements willnot 
hange the denotational semanti
s of the kernel so all the transformations developed withoutreferen
e to exit statements will still apply in the more general 
ase. In fa
t we make mu
h useof the transformations derived without referen
e to exits in the derivation of transformations ofstatements whi
h use the exit statement.The interpretation of these statements in terms of the �rst level language is as follows:We have an integer variable depth whi
h re
ords the 
urrent depth of nesting of loops. Atthe beginning of the program we have depth := 0 and ea
h exit statement exit(k) is translated:depth := depth � k sin
e it 
hanges the depth of �
urrent exe
ution� by moving out of k en
losingloops. To prevent any more statements at the 
urrent depth being exe
uted after an exit statementhas been exe
uted we surround all statements by �guards� whi
h are if statements whi
h will testdepth and only allow the statement to be exe
uted if depth has the 
orre
t value. Ea
h unboundedloop do S od is translated:depth := n; while depth = n do guardn(S) odwhere n is an integer 
onstant representing the depth of the loop (1 for an outermost loop, 2 fordouble nested loops et
.) and guardn(S) is the statement S with ea
h 
omponent statement guardedso that if the depth is 
hanged by an exit statement then no more statements in the loop will beexe
uted and the loop will terminate. The important property of a guarded statement is that itwill only be exe
uted if depth has the 
orre
t value. Thus: fdepth 6= ng; guardn(S) � skip. So forexample, the program:do do last := item[i℄;i := i+ 1;if i = n+ 1 then write(
ount); exit(2) �;if item[i℄ 6= last then write(
ount); exit(1)else 
ount := 
ount+ number[i℄ � od;
ount := number[i℄ odtranslates to the following:depth := 1;while depth = 1 dodepth := 2;while depth = 2 dolast := item[i℄;i := i+ 1;if i = n+ 1 then write(
ount); depth := depth� 2 �;if depth = 2then if item[i℄ 6= last then write(
ount); depth := depth� 1else 
ount := 
ount+ number[i℄ � od;if depth = 1 then 
ount := number[i℄ � od2.3 A
tion SystemsThis se
tion will introdu
e the 
on
ept of an A
tion System as a set of parameterless mutuallyre
ursive pro
edures. A program written using labels and jumps translates dire
tly into an a
tionsystem. Note however that if the end of the body of an a
tion is rea
hed, then 
ontrol is passedto the a
tion whi
h 
alled it (or to the statement following the a
tion system) rather than �fallingthrough� to the next label. The ex
eption to this is a spe
ial a
tion 
alled the terminating a
tion,usually denoted Z, whi
h when 
alled results in the immediate termination of the whole a
tionsystem.Our re
ursive statement does not dire
tly allow the de�nition of mutually re
ursive pro
edures(sin
e all 
alls to a pro
edure must o

ur within the pro
edure body). However we 
an de�ne a5



set of mutually re
ursive pro
edures by putting them all within a single pro
edure. For examplesuppose we have two statements, S1 and S2 both 
ontaining statement variables X1 and X2 (wherewe intend S1 to be the body of X1 and S2 to be the body of X2). We 
an represent these by asingle re
ursive program:x := 1;pro
 A � if x = 1 ! S1[x := 1; A=X1℄[x := 2; A=X2℄ut x = 2 ! S2[x := 1; A=X1℄[x := 2; A=X2℄ �.where an additional variable x re
ords whi
h pro
edure is required when the 
omposite pro
edureA is 
alled.Arsa
 [2,3℄ uses a restri
ted de�nition of a
tions together with deterministi
 assignments, thebinary if statement and do loops with exits so there is no pla
e for nondeterminism in his results.The main di�eren
es between our a
tion systems and Arsa
's are: (i) that we use a mu
h morepowerful language (in
luding general spe
i�
ations) , (ii) we give a formal de�nition (ultimatelyin terms of denotational semanti
s), and (iii) our a
tion systems are simple statements whi
h 
anform 
omponents of other 
onstru
ts. This last point is vitally important in this appli
ation sin
eit gives us a way to restru
ture the body of a re
ursive pro
edure as an a
tion system. It is thisrestru
turing whi
h gives the re
ursion removal theorem mu
h of its power and generality.De�nition 2.1 An a
tion is a parameterless pro
edure a
ting on global variables (
f [2,3℄). It iswritten in the form A � S where A is a statement variable (the name of the a
tion) and S is astatement (the a
tion body). A set of (mutually re
ursive) a
tions is 
alled an a
tion system. Theremay sometimes be a spe
ial a
tion (usually denoted Z), exe
ution of whi
h 
auses termination ofthe whole a
tion system even if there are un�nished re
ursive 
alls. An o

urren
e of a statement
all X within the a
tion body refers to a 
all of another a
tion.The a
tion system:a
tions A1 :A1 � S1.A2 � S2.: : :An � Sn. enda
tions(where statements S1; : : : ;Sn must have no exit(n) statements within less than n nested loops) isde�ned as follows:var a
tion := �A1� ;pro
 A � if a
tion = �A1� ! a
tion := �O�; guardZ(S1)[a
tion := �Ai� ; A=
all Ai℄ut a
tion = �A2� ! a
tion := �O�; guardZ(S2)[a
tion := �Ai� ; A=
all Ai℄: : :ut a
tion = �An� ! a
tion := �O�; guardZ(Sn)[a
tion := �Ai� ; A=
all Ai℄. endHere a
tion is a new variable whi
h 
ontains the name of the next a
tion to be invoked andguardZ(S) is de�ned in a similar way to guardn(S) so that:guardZ(
all Z) =DF a
tion := �Z�guardZ(v := e) =DF if a
tion = �O� then v := e � et
.and as soon as a
tion is set to �Z� no further statements will be exe
uted. This ensures the 
orre
toperation of the �halting� a
tion. Here �A1�; : : : ; �An�; �O� and �Z� represent a suitable set of n+2distin
t 
onstant values.The pro
edure A is never 
alled with a
tion equal to �Z� (or in fa
t anything other than�A1� ; : : : ; �An�). The assignment a
tion := �O� is not really needed be
ause the variable a
tionwill be assigned again before its value is tested; it is added so that we 
an distinguish the followingthree 
ases depending on the value of a
tion: 6



1. Currently exe
uting an a
tion: a
tion = �O�;2. About to 
all another (or the same) a
tion (other than the terminating a
tion): a
tion = oneof �A1�; : : : ; �An�;3. Have 
alled the terminating a
tion, all outstanding re
ursive 
alls are terminated without anystatements being exe
uted: a
tion = �Z�.De�nition 2.2 An a
tion is regular if every exe
ution of the a
tion leads to an a
tion 
all. (Thisis similar to a regular rule in a Post produ
tion system [17℄).De�nition 2.3 An a
tion system is regular if every a
tion in the system is regular. Any algorithmde�ned by a �ow
hart, or a program whi
h 
ontains labels and gotos but no pro
edure 
alls innon-terminal positions, 
an be expressed as a regular a
tion system.2.4 Pro
edures and Fun
tions with ParametersFor simpli
ity we will only 
onsider pro
edures with parameters whi
h are 
alled by value or byvalue-result. Here the value of the a
tual parameter is 
opied into a lo
al variable whi
h repla
esthe formal parameter in the body of the pro
edure. For result parameters, the �nal value of thislo
al variable is 
opied ba
k into the a
tual parameter. In this 
ase the a
tual parameter must bea variable or some other obje
t (eg an array element) whi
h 
an be assigned a value. Su
h obje
tsare often denoted as �L-values� be
ause they 
an o

ur on the left of assignment statements.The reason for 
on
entrating on value parameters is that they avoid some of the problems
aused by �aliasing� where two variable names refer to the same obje
t. For example if a globalvariable of the pro
edure is also used as a parameter, or if the same variable is uses for two a
tualparameters then with other forms of parameter passing aliasing will o

ur but with value parametersthe aliasing is avoided (unless the same variable is used for two result parameters and the pro
eduretries to return two di�erent values). This means that pro
edures with value parameters have simplersemanti
s.In most 
ases the di�erent methods of parameter passing produ
e the same result, thoughthere may be di�eren
es in e�
ien
y. For this reason the language Ada allows the 
ompiler to
hoose between 
all by value and 
all by referen
e and requires all programs to give the sameresult whatever method is used: programs whi
h would give di�erent results are te
hni
ally illegal,although no 
ompiler 
ould determine whi
h programs are legal and whi
h are illegal. It is generallybetter to spe
ify that a 
ompiler reje
ts 
ertain spe
i�
 
onstru
ts as erroneous rather than simplyleaving the result �unde�ned�. (For example: making it an error to a

ess the value of a loop variableafter the loop has terminated rather than leaving the value unde�ned). This prevents programmersmaking use of the e�e
t produ
ed by a parti
ular 
ompiler and so writing programs whi
h may givedi�erent results at a di�erent installation, or with a di�erent version of the 
ompiler.Other languages (eg Modula) default to passing simple variables by value (to avoid repeatedre
omputation of expressions) and passing stru
tures and arrays by referen
e (to avoid 
opying thewhole stru
ture when only part of it may be a

essed).Our �de�nitional transformation� for a pro
edure with formal parameters and lo
al variableswill repla
e them both by global sta
ks. Consider the following pie
e of 
ode, whi
h 
ontains a 
allto the re
ursive pro
edure F . This pro
edure uses a lo
al variable a whi
h must be preserved overre
ursive 
alls to F :begin : : : ; F (t; v); : : :wherepro
 F (x; var : y) �var a := d :S end.end
7



where t is an expression, v a variable, x is a value parameter, v a value-result parameter and a alo
al variable whi
h is assigned the initial value d. This is de�ned as:beginx := hi; y := hi; a := hi;: : : ;x push � t; y push � v;F ;v pop � y; x := x[2 : :℄;: : :wherepro
 F �a push � d;S[x[1℄=x℄[y[1℄=y℄[a[1℄=a℄[x push � t0; y push � v0; F ; v0 pop � y; x := x[2 : :℄=F (t0; v0)℄;a := a[2 : :℄.endHere the substitution of x[1℄ for x et
. ensures that the body of the pro
edure only a

esses andupdates the tops of the sta
ks whi
h repla
e the parameters and lo
al variables. This means thatany 
all of F will only a�e
t the values at the tops of the sta
ks x, y and a so an inner re
ursive
all of F , whi
h takes the form: x push � t0; y push � v0; F ; v0 pop � y; x := x[2 : :℄, will only a�e
t thevalue of v (and global variables in S) and will not a�e
t the sta
ks. The proof is by the theoremson invariant maintenan
e for re
ursive statements [19℄.To allow side e�e
ts in expressions and 
onditions we introdu
e the new notation of �expressionbra
kets�, and . These allow us to in
lude statements as part of an expression, for example thefollowing are valid expressions:x := x+ 1; xx := x+ 1; x� 1if x > 0 then x else � x �The �rst and se
ond are equivalent to C's ++x and x++ respe
tively, the third is a 
onditionalexpression whi
h returns the absolute value of x.Note that expression bra
kets may be nested, for example the assignment:a := S1; b := if S2; Q then S3; t1 else t2 �; b:bis represented as:S1; S2; if Q then S3; b := t1 else b := t2 �; a := b:bDe�nition 2.4 Fun
tion 
alls: The de�nitional transformation of a fun
tion 
all will repla
e thefun
tion 
all by a 
all to a pro
edure whi
h assigns the value returned by the fun
tion to a variable.This variable then repla
es the fun
tion 
all in the expression. Several 
alls in one expression arerepla
ed by the same number of pro
edure 
alls and new variables. Boolean fun
tions are treatedas fun
tions whi
h return one of the values �tt� or �ff � (representing true and false). So a booleanfun
tion 
all is repla
ed by a formula (b = �tt�) where b is a new lo
al variable. The statementin whi
h the fun
tion 
all appeared is pre
eded by a pro
edure 
all whi
h sets b to �tt� or �ff �,depending on the result of the 
orresponding boolean fun
tion.For example, the statement with fun
tion 
alls:begin a := F (x) + F (y)wherefun
t F (x) � if B then t1 else t2 �. endis interpreted:
8



begin var r1; r2 :F (x); r1 := r; F (y); r2 := r;a := r1 + r2wherepro
 F (x) � if B then r := t1 else r := t2 �. endThe statement:begina := while B(x) do x := F (x) od; x+ 
wherefun
t B(x) � S; x > y .fun
t F (x) � if B then t1 else t2 �.is interpreted:begindo B(x); if r = �ff � then exit �;F (x); x := r od;a := x+ 
 wherepro
 B(x) � S; if x > y then r := �tt� else r := �ff � �;pro
 F (x) � if B then r := t1 else r := t2 �. endSee [19℄ for the formal de�nition of generalised expressions and generalised 
onditions and theirinterpretation fun
tions.
3 Example TransformationsIn this se
tion we des
ribe a few of the transformations we will use later:3.1 Expand IF statementThe if statement: if B then S1 else S2 �; S
an be expanded over the following statement to give:if B then S1; S else S2; S �3.2 Loop InversionIf the statement S1 
ontains no exits whi
h 
an 
ause termination of an en
losing loop (i.e. in thenotation of [19℄ it is a proper sequen
e) then the loop:do S1; S2 od
an be inverted to: S1; do S2; S1 odThis transformation may be used in the forwards dire
tion to move the termination test of a loop tothe beginning, prior to transforming it into a while loop, or it may be used in the reverse dire
tionto merge two 
opies of the statement S1.3.3 Loop UnrollingThe next three transformations 
on
ern various forms of loop unrolling. They play an importantrole in the proofs of other transformations as well as being generally useful.9



Lemma 3.1 Loop Unrolling:while B do S od � if B then S; while B do S od �Lemma 3.2 Sele
tive unrolling of while loops: For any 
ondition Q we have:while B do S od � while B do S; if B ^ Q then S � odLemma 3.3 Entire Loop Unfolding: if B0 ) B then:while B do S od � while B do S; if Q then while B0 do S od � odEa
h of these transformation has a generalisation in whi
h instead of inserting the �unrolled� partafter S it is 
opied after an arbitrary sele
tion of the terminal statements in S.3.4 AbsorptionDe�nition 3.4 A primitive statement is any statement other than a 
onditional, a do : : : od loopor a sequen
e of statements. The depth of a 
omponent of a statement is the number of en
losingdo : : : od loops around the 
omponent. A terminal statement is a primitive statement whi
h iseither(i) in a terminal position, or(ii) is an exit(n) at depth less than n, or(iii) is an exit(n) at depth n where the outermost do : : : od loop is in a terminal position.The terminal value of a terminal statement exit(n) is n minus the depth. In
rementing astatement by k means adding exit(k) after ea
h non-exit terminal statement with terminal valuezero, and repla
ing ea
h terminal statement exit(n) with terminal value zero by exit(n+ k).A sequen
e S; S0 of two statements 
an be merged together by the absorption The statement S0following S is �absorbed� into it by repla
ing all of the terminal statements of S whi
h would leadto S0 by a 
opy of S0 in
remented by the depth of the terminal statement. For example:do do if y > x then exit �;x := x� 1;if x = 0 then exit(2) � od;if z > x then exit � od;if z = x then exit �after absorption be
omes:do do if y > x then exit �;x := x� 1;if x = 0 then if z = x then exit(3) else exit(2) � � od;if z > x then if z = x then exit(2) else exit � od
4 The TheoremTheorem 4.1 Suppose we have a re
ursive pro
edure whose body is an a
tion system in the fol-lowing form, in whi
h the body of the pro
edure is an a
tion system. (A 
all Z in the a
tion systemwill therefore terminate only the 
urrent invo
ation of the pro
edure):pro
 F (x) �a
tions A1 :A1 � S1.: : : Ai � Si.: : : Bj � Sj0; F (gj1(x)); Sj1; F (gj2(x)); : : : ; F (gjnj(x)); Sjnj .: : : enda
tions. 10



where Sj1; : : : ;Sjnj preserve the value of x and no S 
ontains a 
all to F (i.e. all the 
alls to F arelisted expli
itly in the Bj a
tions) and the statements Sj0;Sj1 : : : ;Sjnj�1 
ontain no a
tion 
alls.There are M +N a
tions in total: A1; : : : ; AM ; B1; : : : ; BN .We 
laim that this is equivalent to the following iterative pro
edure whi
h uses a new lo
al sta
kL and a new lo
al variable m:pro
 F 0(x) �var L := hi;m := 0:a
tions A1 :A1 � S1[
all =F=
all Z℄.: : : Ai � Si[
all =F=
all Z℄.: : : Bj � Sj0; L := hh0; gj1(x)i; hhj; 1i; xi; h0; gj2(x)i; : : : ; h0; gjnj (x)i; hhj; nji; xii ++ L;
all =F .: : : =F � if L = hi then 
all Zelse hm;xi  L;if m = 0 ! 
all A1ut : : : ut m = hj; ki ! Sjk; 
all =F: : : � �. enda
tionsend.Note that any pro
edure F (x) 
an be restru
tured into the required form; in fa
t (as we shallsee later) there may be several di�erent ways of stru
turing F (x) whi
h meet these 
riteria.We will assume that the a
tion system is regular, i.e. every exe
ution of an a
tion body leads tothe 
all of another a
tion. This means that the a
tion body (and hen
e the 
urrent invo
ation of F )
an only be terminated by a 
all to a
tion Z. Transformations are presented in [19℄ to 
onvert anya
tion system into a regular one, perhaps with the aid of a sta
k. We will also assume for simpli
itythat all the a
tion 
alls appear in terminal positions in an a
tion body, regularity then implies thatthe statement at every terminal position is an a
tion 
all. Any regular a
tion system 
an be putinto this form by repeated appli
ation of the absorption transformation of [19℄.Any regular a
tion system 
an be transformed into a double-nested loop using a transformationproved in [19℄ so we have the following equivalent for F (x) (where a is a new lo
al variable):pro
 F (x) �var a := �A1� :do do if a = �A1� ! S1[a := �Z� ; exit(2)=
all Z℄[a := �X� ; exit=
all X℄ut : : : ut a = �Ai� ! Si[a := �Z� ; exit(2)=
all Z℄[a := �X� ; exit=
all X℄ut : : : ut a = �Bj� ! Sj0; F (gj1(x)); Sj1; F (gj2(x)); : : : ; F (gjnj(x));Sjnj [a := �Z�; exit(2)=
all Z℄[a := �X�; exit=
all X℄: : : � od od end.The substitutions repla
e ea
h a
tion 
all by exit(2) (if it is 
all Z) or by an assignment to a followedby an exit. Be
ause all 
alls appear in terminal positions only the last element of the sequen
e inthe body of Bj needs to have the substitution applied.Sin
e we know that a is only assigned the value �Z� just before the loop is terminated, we 
anrepla
e the exit(2)'s by exit's inside the inner loop and test a outside to see if the outer loop isterminated. Formally this transformation is an inverse of absorption:pro
 F (x) �var a := �A1� :do do if a = �A1� ! S1[a := �Z� ; exit=
all Z℄[a := �X�; exit=
all X℄ut : : : ut a = �Ai� ! Si[a := �Z� ; exit=
all Z℄[a := �X�; exit=
all X℄ut : : : ut a = �Bj� ! Sj0; F (gj1(x)); Sj1; F (gj2(x)); : : : ; F (gjnj(x));Sjnj [a := �Z�; exit=
all Z℄[a := �X�; exit=
all X℄: : : � od;
11



if a = �Z� then exit � od end.Sin
e all 
alls appear in terminal positions the body of the inner loop is redu
ible. Also, sin
ethe a
tion system is regular, ea
h arm of the inner if statement will result in an exit so the bodyof the loop is improper. This means that the inner loop is a false loop whi
h 
an be removed. Theouter loop 
an be transformed to a while loop sin
e the termination test is initially false. We get:pro
 F (x) �var a := �A1� :while a 6= �Z� doif a = �A1� ! S1[a := �X�=
all X℄ut : : : ut a = �Ai� ! Si[a := �X�=
all X℄ut : : : ut a = �Bj� ! Sj0; F (gj1(x)); Sj1; F (gj2(x)); : : : ; F (gjnj(x));Sjnj [a := �X�=
all X℄: : : � od end.We 
laim that this is equivalent to the following iterative pro
edure whi
h uses a sta
k L andanother lo
al variable m:pro
 F 0(x) �var a := �A1� ; L := hi;m := 0 :while a 6= �Z� doif a = �=F � !if L = hithen a := �Z�else hm;xi  L;if m = 0 ! a := �A1�ut : : : ut m = hj; ki ! Sjk[a := �=F �=
all Z℄[a := �X�=
all X℄: : : � �ut a = �A1� ! S1[a := �=F �=
all Z℄[a := �X�=
all X℄ut : : : ut a = �Ai� ! Si[a := �=F �=
all Z℄[a := �X�=
all X℄ut : : : ut a = �Bj� ! Sj0; L := hh0; gj1(x)i; hhj; 1i; xi; h0; gj2(x)i;: : : ; hhj; nj + 1i; xii ++ L;a := �=F �: : : � od end.To prove the 
laim, let DO0 be the while loop above and let DO be:while a 6= �Z� doif a = �=F � !if L = hithen a := �Z�else hm;xi  L;if m = 0 ! a := �A1�ut : : : ut m = hj; ki ! Sjk[a := �=F �=
all Z℄[a := �X�=
all X℄: : : � �ut a = �A1� ! S1[a := �X�=
all X℄ut : : : ut a = �Ai� ! Si[a := �X�=
all X℄ut : : : ut a = �Bj� ! Sj0; F (gj1(x)); Sj1; F (gj2(x)); : : : ; F (gjnj(x));Sjnj [a := �X�=
all X℄: : : � odthis is the same as the loop in F (x) above with an extra (redundant) test added to the guarded
ommand.
12



4.1 Preliminary LemmasTo 
arry through the proof we require the following two lemmas:Lemma 4.2 a := �A1�; DO � F (x); a := �=F �; DOProof: Apply entire loop unrolling to a := �A1�; DO to get:a := �A1� ;while a 6= �Z� doif a = �=F � !if L = hithen a := �Z�else hm;xi  L;if m = 0 ! a := �A1�ut : : : ut m = hj; ki ! Sjk[a := �=F �=
all Z℄[a := �X�=
all X℄: : : �;DO �ut a = �A1� ! S1[a := �X�=
all X℄ut : : : ut a = �Ai� ! Si[a := �X�=
all X℄ut : : : ut a = �Bj� ! Sj0; F (gj1(x)); Sj1; F (gj2(x)); : : : ; F (gjnj(x));Sjnj [a := �X�=
all X℄: : : � odBy unrolling DO we see that:hm;xi  L;if m = 0 ! a := �A1�ut : : : ut m = hj; ki ! Sjk[a := �=F �=
all Z℄[a := �X�=
all X℄: : : �;DO
� a := �=F � ; DO

when L 6= hi. We also have a := �Z� � a := �=F � ; DO when L = hi. So we 
an simplify the loopbody to:a := �A1� ;while a 6= �Z� doif a = �=F � !if L = hithen a := �=F � ; DOelse a := �=F � ; DO �ut a = �A1� ! S1[a := �X�=
all X℄ut : : : ut a = �Ai� ! Si[a := �X�=
all X℄ut : : : ut a = �Bj� ! Sj0; F (gj1(x)); Sj1; F (gj2(x)); : : : ; F (gjnj(x));Sjnj [a := �X�=
all X℄: : : � odThe test of L = hi is 
learly redundant. We know that a = �Z� is true after DO so we 
an take itout of the loop to get:a := �A1� ;while a 6= �Z� doif a = �=F � ! a := �Z�ut a = �A1� ! S1[a := �X�=
all X℄ut : : : ut a = �Ai� ! Si[a := �X�=
all X℄ut : : : ut a = �Bj� ! Sj0; F (gj1(x)); Sj1; F (gj2(x)); : : : ; F (gjnj(x));Sjnj [a := �X�=
all X℄: : : � od; 13



a := �=F � ; DOIf we 
onvert this loop into an a
tion system and repla
e the a
tion =F by the equivalent a
tionZ then we get something identi
al to the body of F (x). So we 
an fold it into a pro
edure 
all toget:F (x); a := �=F �; DOas required. This 
ompletes the lemma.The lemma we need for DO0 is more tri
ky. Let IFn be de�ned as follows:IFn =DF if a = �=F � ! if L = hi then a := �Z�else hm;xi  L;if m = 0 ! a := �A1�ut : : : ut m = hj; ki ! Sjk[a := �=F �=
all Z℄[a := �X�=
all X℄: : : � �ut a = �A1� ! S1[a := �=F �=
all Z℄[a := �X�=
all X℄ut : : : ut a = �Ai� ! Si[a := �=F �=
all Z℄[a := �X�=
all X℄ut : : : ut a = �Bj� ! Sj0; Fn(gj0(x)); Sj1; Fn(gj1(x));: : : Fn(gjnj(x)); Sjnj [a := �=F �=
all Z℄[a := �X�=
all X℄ �Let IF be the 
orresponding statement with F not trun
ated. From the de�nition of F we see thatFn+1(x) is equivalent to:var a := �A1� :while a 6= �Z� ^ a 6= �=F � doIFn od endNote that if a 6= �Z� initially then IFn 
annot set a to �Z�, so if a 6= �Z� then the loop while a 6=�Z� ^ a 6= �=F � do IFn od must terminate with a = �=F � if it terminates at all.Lemma 4.3 while a 6= �Z� ^ a 6= �=F � do IF od; DO0 6 DO0Proof: We use the indu
tion rule for re
ursion and prove by indu
tion on n that while a 6= �Z� ^a 6= �=F � do IFn od; DO0 6 DO0 for all n < !. For the indu
tion step we use a sub-indu
tion whi
huses the indu
tion rule for iteration and prove: while a 6= �Z� ^ a 6= �=F � do IFn+1 odm; DO0 6DO0 for every m < !.From the (sub) indu
tion hypothesis we have:while a 6= �Z� ^ a 6= �=F � do IFn+1 odm+1; DO0= if a 6= �Z� ^ a 6= �=F �then IFn+1; while a 6= �Z� ^ a 6= �=F � do IFn+1 odm; DO0else DO0 �6 if a 6= �Z� ^ a 6= �=F �then IFn+1; DO0else DO0 �so we need to prove IFn+1; DO0 6 DO0. For this we 
onsider the di�erent 
ases whi
h the ifstatement tests for�these depend on the initial value of a.Examining the body of IFn+1 we see that for most of the 
ases the 
lause of the IF statement isidenti
al to a 
lause in the DO statement, for example:fa = �Ai�g; IFn+1; DO0 � fa = �Ai�g; Si[a := �=F �=
all Z℄[a := �X�=
all X℄; DO0and fa = �Ai�g; DO0 � fa = �Ai�g; Si[a := �=F �=
all Z℄[a := �X�=
all X℄; DO0
14



by unrolling the �rst step of DO0 and pruning. Hen
e:fa = �Ai�g; IFn+1; DO0 � fa = �Ai�g; DO0as required. The 
ase a = �=F � follows similarly. So we are left with the 
ases a = �Bj�, i.e. allthat remains is to prove:fa = �Bj�g; Sj0; Fn+1(gj0(x)); Sj1; Fn+1(gj1(x));: : : Fn+1(gjnj(x)); Sjnj [a := �=F �=
all Z℄[a := �X�=
all X℄; DO06 fa = �Bj�g; DO0 (1)To prove this we use the fa
t, noted above, that Fn+1(x) 
an be expressed in terms of while a 6=�Z� ^ a 6= �=F � do IFn od and use the main indu
tion hypothesis to show that while a 6= �Z� ^a 6= �=F � do IFn od; DO0 6 DO0.First note that the value of a is not used by Sjk or Fn+1. Also, sin
e the original body of F
ontains a regular a
tion system with all the a
tion 
alls in terminal pla
es, ea
h terminal statementof Sjnj must be an a
tion 
all. So Sjnj [a := �=F �=
all Z℄[a := �X�=
all X℄ must assign some valueto a. So we 
an add assignments to a anywhere in the sequen
e on the LHS. By unfolding DO0 andpruning (as in the previous Lemma) we have:Sjnj [a := �=F �=
all Z℄[a := �X�=
all X℄; DO0 � L := hhhj; nji; xii ++ L; a := �=F �; DO0As in the previous Lemma, move the assignment to L to after Sj0. We now 
laim:Fn+1(gjnj(x)); a := �=F � ; DO0 6 L := hh0; gjnj(x)ii ++ L; a := �=F � ; DO0To prove this we note that:Fn+1(gjnj(x)); a := �=F �; DO0� x := gjnj (x); Fn+1(x); a := �=F �; DO0sin
e, when a = �=F �, DO0 doesn't use the initial value of x.� x := gjnj (x); a := �A1�; while a 6= �Z� ^ a 6= �=F � do IFn od; a := �=F � ; DO0by unfolding Fn+1.� x := gjnj (x); a := �A1�; while a 6= �Z� ^ a 6= �=F � do IFn od; DO0sin
e the while loop terminates with a = �=F �.� x := gjnj (x); a := �A1�; DO0from the sub-indu
tion result.� L := hh0; gjnj (x)ii ++ L; a := �=F �; DO0by unfolding DO0 and pruning. Finally the assignment to L 
an be merged with the �rst assignmentto L (whi
h we moved to just after Sj0) sin
e Fn+1 and Sjk do not use L. Continuing in this waywe 
an 
onvert all the 
alls to Fn+1 and the intermediate statements into assignments to L to get:fa = �Bj�g; Sj0; Fn+1(gj0(x)); Sj1; Fn+1(gj1(x));: : : Fn+1(gjnj(x)); Sjnj [a := �=F �=
all Z℄[a := �X�=
all X℄; DO06fa = �Bj�g; Sj0; L := hh0; gj1(x)i; hhj; 1i; xi; h0; gj2(x)i;: : ; hhj; nj + 1i; xii ++ L; a := �=F �; DO0By unfolding and pruning DO0 we see this is equivalent to fa = �Bj�g; DO0 as required.This 
ompletes the proof of the lemma. 15



From this lemma we dedu
e the following 
orollary:Corollary 4.4 F (g(x)); a := �=F �; DO0 6 L := hh0; g(x)ii ++ L; a := �=F �; DO0.Proof: Expanding F (x) in the LHS we have:F (g(x)); a := �=F �; DO0� x := g(x); F (x); a := �=F � ; DO0� x := g(x); a := �A1�; while a 6= �Z� ^ a 6= �=F � do IF od; a := �=F � ; DO0� x := g(x); a := �A1�; while a 6= �Z� ^ a 6= �=F � do IF od; DO0sin
e the while loop terminates with a = �=F �.6 x := g(x); a := �A1�; DO0from Lemma(4.3)6 x := g(x); L := hh0; xii ++ L; a := �=F �; DO0by unfolding and pruning DO0.6 L := hh0; g(x)ii ++ L; a := �=F �; DO0sin
e DO0 does not use the value of x when a = �=F � initially.4.2 The TheoremWe now turn our attention to the main theorem. To prove that F (x) � F 0(x) it is su�
ient toprove that DO � DO0. The proof uses the general indu
tion rule for iteration and the indu
tionrule for re
ursion.Lemma 4.5 For every n < !: DO0n 6 DO:Proof: By indu
tion on n.DO0n+16 if a 6= �Z�then if a = �=F � !if L = hithen a := �Z�else hm;xi  L;if m = 0 ! a := �A1�ut : : : ut m = hj; ki ! Sjk[a := �=F �=
all Z℄[a := �X�=
all X℄: : : � �ut a = �A1� ! S1[a := �=F �=
all Z℄[a := �X�=
all X℄ut : : : ut a = �Ai� ! Si[a := �=F �=
all Z℄[a := �X�=
all X℄ut : : : ut a = �Bj� ! Sj0; L := hh0; gj1(x)i; hhj; 1i; xi; h0; gj2(x)i;: : : ; hhj; nj + 1i; xii ++ L;a := �=F �: : : �;DO �by unfolding and using the indu
tion hypothesis.Absorb DO into the pre
eding statement. We 
laim:L := hh0; gj1(x)i; hhj; 1i; xi; h0; gj2(x)i; : : : ; hhj; nj + 1i; xii ++ L; a := �=F �; DO� F (gj1(x)); Sj1; F (gj2(x)); : : : ; F (gjnj(x)); Sjnj [a := �X�=
all X℄; DO (2)
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Using this 
laim we 
an transform ea
h of the a = �Bj� lines to be the same as in DO, we thenseparate DO from ea
h arm of the guarded 
ommand and use loop rolling to get:DO0n+1 6 DOas required.So all that remains is to prove the 
laim (2). Unroll the �rst step of DO and prune the ifstatements to get:L := hh0; gj1(x)i; hhj; 1i; xi; h0; gj2(x)i; : : : ; hhj; nj + 1i; xii ++ L; a := �=F � ;hm;xi  L;if m = 0 ! a := �A1�ut : : : ut m = hj; ki ! Sjk[a := �=F �=
all Z℄[a := �X�=
all X℄: : : �;DOthis simpli�es to:L := hhhj; 1i; xi; h0; gj2(x)i; : : : ; hhj; nj + 1i; xii ++ L; a := �=F � ;m := 0; x := gj1(x);a := �A1�;DOBy Lemma (4.2) we get:L := hhhj; 1i; xi; h0; gj2(x)i; : : : ; hhj; nj + 1i; xii ++ L; a := �=F � ;m := 0; x := gj1(x);F (x);a := �=F � ;DOSin
e F (x) preserves x and does not use L or m we 
an move the pro
edure 
all to the beginning:F (gj1(x));L := hhhj; 1i; xi; h0; gj2(x)i; : : : ; hhj; nj + 1i; xii ++ L; a := �=F � ;m := 0; x := gj1(x);a := �=F � ;DOUnroll DO again and simplify:F (gj1(x));L := hh0; gj2(x)i; : : : ; hhj; nj + 1i; xii ++ L; a := �=F �;m := hj; 1i;Sj1;DOsin
e Sjnj 
ontains no a
tion 
alls. Sin
e it also preserves the value of x and doesn't use L or m we
an move it to after the pro
edure 
all:F (gj1(x)); Sj1;L := hh0; gj2(x)i; : : : ; hhj; nj + 1i; xii ++ L; a := �=F �;m := hj; 1i;a := �=F �;DO 17



Continuing in this way we 
an eliminate all the items pushed onto the front of L. We get:F (gj1(x)); Sj1; F (gj2(x)); Sj2; : : : ; Sjnj ; F (gjnj(x)); Sjnj [a := �X�=
all X℄;DOwhi
h 
ompletes the proof of the lemma.Hen
e, by the indu
tion rule for iteration, we have: DO0 6 DO.For the 
onverse we prove by indu
tion that DOn 6 DO0:Lemma 4.6 For every n < !: DOn 6 DO0Proof: By indu
tion on n.DOn+16 if a 6= �Z�then if a = �=F � !if L = hithen a := �Z�else hm;xi  L;if m = 0 ! a := �A1�ut : : : ut m = hj; ki ! Sjk[a := �=F �=
all Z℄[a := �X�=
all X℄: : : � �ut a = �A1� ! S1[a := �=F �=
all Z℄[a := �X�=
all X℄ut : : : ut a = �Ai� ! Si[a := �=F �=
all Z℄[a := �X�=
all X℄ut : : : ut a = �Bj� ! Sj0; F (gj1(x)); Sj1; F (gj2(x)); Sj2;: : : ; Sjnj ; F (gjnj(x)); Sjnj [a := �X�=
all X℄: : : �;DO0 �by unfolding and using the indu
tion hypothesis.Push DO0 into ea
h arm of the inner if statement. By analogy with the previous part it is su�
ientto prove:F (gj1(x)); Sj1; F (gj2(x)); : : : ; F (gjnj(x)); Sjnj [a := �X�=
all X℄; DO06 L := hh0; gj1(x)i; hhj; 1i; xi; h0; gj2(x)i; : : : ; hhj; nji; xii ++ L; a := �=F � ; DO0 (3)The statement Sjnj [a := �X�=
all X℄ 
an be repla
ed by a push to the sta
k to get:F (gj1(x)); Sj1; F (gj2(x)); : : : ; F (gjnj(x)); L := hhhj; nji; xii ++ L; a := �=F �; DO0Move the assignment to L to the beginning:L := hhhj; nji; xii ++ L; F (gj1(x)); Sj1; F (gj2(x)); : : : ; F (gjnj (x)); a := �=F �; DO0Apply Corollary (4.4):L := hhhj; nji; xii ++ L; F (gj1(x)); Sj1; F (gj2(x)); : : : ; L := hh0; gjnj (x)ii ++ L; a := �=F �; DO0Merge the assignments to L:L := hh0; gjnj(x)i; hhj; nji; xii ++ L; F (gj1(x)); Sj1; F (gj2(x)); : : : ; a := �=F �; DO0Continuing in this way we 
an repla
e the whole sequen
e of 
alls and statements by an assignmentto L: L := hh0; gj1(x)i; hhj; 1i; xi; h0; gj2(x)i; : : : ; hhj; nji; xii ++ L; a := �=F � ; DO0This 
ompletes the proof. 18



Corollary 4.7 By unfolding some 
alls to �=F � and pruning, we get the following, slightly moree�
ient, version:pro
 F 0(x) �var L := hi;m := 0:a
tions A1 :A1 � S1[
all =F=
all Z℄.: : : Ai � Si[
all =F=
all Z℄.: : : Bj � Sj0; L := hhhj; 1i; xi; h0; gj2(x)i; : : : ; h0; gjnj (x)i; hhj; nji; xii ++ L; x := gj1(x); 
all A1.: : : =F � if L = hi then 
all Zelse hm;xi  L;if m = 0 ! 
all A1ut : : : ut m = hj; ki ! Sjk[
all =F=
all Z℄: : : � �. enda
tionsend.In the 
ase where nj = 1 for all j, this version will never push a h0; xi pair onto the sta
k. This 
anbe signi�
ant for parameterless pro
edures where the number of j values is small as it 
an redu
ethe amount of storage required by the sta
k. In the extreme 
ase where there is only one j value,the sta
k redu
es to a sequen
e of identi
al elements and 
an therefore be represented by an integerwhi
h simply re
ords the length of the sta
k.
5 Cas
ade Re
ursionThis theorem 
an provide several di�erent iterative equivalents for a given re
ursive pro
edure,depending on how the initial restru
turing of the pro
edure body into an a
tion system is 
arriedout. Two extreme 
ases are:1. Ea
h a
tion 
ontains no more than one pro
edure 
all. This imposes no restri
tions on theother statements in the body and is therefore frequently used (for example, many 
ompilersuse essentially this approa
h to deal with re
ursion). Bird [7℄ 
alls this the dire
t method.2. Ea
h a
tion 
ontains as long a sequen
e of pro
edure 
alls as possible. The resulting iterativeprogram is a simple while loop with the sta
k managing all the 
ontrol �ow. Bird [7℄ de-s
ribes this as the postponed obligations method: all the sub-invo
ations arising from a giveninvo
ation of the pro
edure are postponed on the sta
k before any is ful�lled.These two spe
ial 
ases of the general transformation will be applied to the following simple
as
ade re
ursion s
hema:pro
 F (x) �if B then Telse S1; F (g1(x)); M(x); F (g2(x)); S2 �.For the dire
t method we restru
ture the body of the pro
edure into the following a
tion system:pro
 F (x) �a
tions A1 :A1 � if B then Telse 
all B1 �.B1 � S1; F (g1(x)); 
all B2.B2 � M(x); F (g2(x)); 
all A2.A2 � S2; 
all Z. enda
tions.Applying the general re
ursion removal transformation we get:pro
 F (x) �var L := hi;m := 0:a
tions A1 :
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A1 � if B then Telse 
all B1 �.B1 � S1; L := hh0; g1(x)i; h1; xii ++ L; 
all =F .B2 � M(x); L := hh0; g2(x)i; h2; xii ++ L; 
all =F .A2 � S2; 
all =F .=F � if L = hi then 
all Zelse hm;xi  L;if m = 0 ! 
all A1ut m = 1 ! 
all B1ut m = 2 ! 
all B2 � �. enda
tions end.The a
tion system is (naturally) regular, so we 
an apply the transformations in [19℄ to restru
turethe a
tion system:pro
 F (x) �var L := hi;m := 0:do while :B do S1; L := hh1; xii ++ L; x := g1(x) od;T;do if L = hi then exit(2) �;hm;xi  L;if m = 1 ! M(x); L := hh2; xii ++ L; x := g2(x); exitut m = 2 ! S2 � od od end.Note that whenever h0; gi(x)i was pushed onto the sta
k, it was immediately popped o�. So wehave avoided pushing h0; gi(x)i altogether in this version.For the postponed obligations 
ase we need to stru
ture the initial a
tion system slightly di�er-ently:pro
 F (x) �a
tions A :A � if B then Telse 
all B �.B � S1; F (g1(x)); M(x); F (g2(x)); S2; 
all Z. enda
tions.Applying the general re
ursion removal transformation we get:pro
 F (x) �var L := hi;m := 0:a
tions A :A � if B then Telse 
all B �.B � S1; L := hh0; g1(x)i; h1; xi; h0; g2(x)i; h2; xii ++ L; 
all =F .=F � if L = hi then 
all Zelse hm;xi  L;if m = 0 ! 
all Aut m = 1 ! M(x); 
all =Fut m = 2 ! S2; 
all =F � �. enda
tions end.This 
an be expressed as a simple while loop thus:pro
 F (x) �var L := hh0; xii;m := 0:while L 6= hi dohm;xi  L;if m = 0 ! if B then Telse S1; L := hh0; g1(x)i; h1; xi; h0; g2(x)i; h2; xii ++ L �ut m = 1 ! M(x)
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ut m = 2 ! S2 � od end.Alternatively, we 
an restru
ture so as to avoid some unne
essary pushes and pops:pro
 F (x) �var L := hi;m := 0:do while :B do S1; L := hh1; xi; h0; g2(x)i; h2; xii ++ L; x := g1(x) od;T;do if L = hi then exit(2) �;hm;xi  L;if m = 0 ! exitut m = 1 ! M(x)ut m = 2 ! S2 � od od end.
6 Binary Cas
ade Re
ursionIn this se
tion we 
onsider a spe
ial 
ase of the 
as
ade re
ursion above where the fun
tions g1(x)and g2(x) return x � 1 and the test for a nonre
ursive 
ase is simply n = 0. Here ea
h invo
ationof the fun
tion leads to either zero or two further invo
ations, so we use the term binary 
as
adefor this s
hema:pro
 G(n) �if n = 0 then Telse S1; G(n� 1); M(n); G(n� 1); S2 �.where T, S1 and S2 are statements whi
h do not 
hange the value of n and M is an externalpro
edure.With this s
hema, the sequen
e of statements and 
alls to M depends only on the initial valueof n. We want to determine this sequen
e expli
itly, i.e. we want to determine how many 
alls ofM are exe
uted, what their arguments are and what statements are exe
uted between the 
alls.Sin
e the fun
tions gi are invertable, there is no need to have n as a parameter: we 
an repla
eit by a global variable thus:pro
 G �if n = 0 then Telse S1; n := n� 1; G; M(n+ 1); G; n := n+ 1; S2 �.It is 
lear that G preserves the value of n and hen
e G is equivalent to G(n). We apply the dire
tmethod of re
ursion removal (dis
ussed in the previous Se
tion) to get:var L := hi; d := 0 :do while n 6= 0 do S1; n := n� 1; L := h1i ++ L od;T;do if L = hi then exit(2) �;d L;if d = 1 ! M(n+ 1); L := h2i ++ L; exitut d = 2 ! S2; n := n+ 1 � od od endNote that sin
e there are no parameters the sta
k only re
ords 
ontrol information.The elements of the sta
k are either 1 or 2, so we 
an represent this sta
k by an integer 
 whosedigits in a binary representation represent the elements of the sta
k. We need to distinguish anempty sta
k from a sta
k of zeros so we use the value 1 to represent the empty sta
k. The statementL := h1i ++ L be
omes 
 := 2:
 + 1, L := h2i ++ L be
omes 
 := 2:
 and d  L be
omes hd; 
i :=h
�2i. With this representation, the translation of while n 6= 0 do S1; n := n�1; L := h1i ++ L odwhi
h pushes n 1's onto L has the e�e
t of multiplying 
 by 2n and adding 2n� 1 to the result. Weget:
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var 
 := 1; d := 0:do for i := n step � 1 to 1 do S1[i=n℄ od;
 := 2n:
+ 2n � 1; n := 0;T;do if 
 = 1 then exit(2) �;hd; 
i := h
� 2i;if d = 1 ! M(n+ 1); 
 := 2:
; exitut d = 0 ! S2; n := n+ 1 � od od endThe variable d is not really needed as we 
an simply test whether 
 is odd or even, if it is odd thenthe e�e
t of h
; di := h
� 2i followed by 
 := 2:
 is to subtra
t one from 
:var 
 := 1:do for i := n step � 1 to 1 do S1[i=n℄ od;
 := 2n(
+ 1)� 1; n := 0;T;do if 
 = 1 then exit(2) �;if odd(
) then M(n+ 1); 
 := 
� 1; exitelse S2; 
 := 
=2; n := n+ 1 � od od endTake the �rst three lines out of the outer loop and merge them into the inner loop, this results ina simple double loop whi
h 
an be redu
ed to a single loop:var 
 := 2n+1 � 1:for i := n step � 1 to 1 do S1[i=n℄ od;n := 0; T;do if 
 = 1 then exit �;if odd(
) then M(n+ 1); 
 := 
� 1;for i := n step � 1 to 1 do S1[i=n℄ od;
 := 2n(
+ 1)� 1; n := 0;Telse S2; 
 := 
=2; n := n+ 1 � od endThe body of this loop is split into two 
ases (for odd or even 
), where one 
ase (for even 
) is mu
hsimpler than the other. This suggests a partial entire loop unrolling under the 
ase even(
):var 
 := 2n+1 � 1:for i := n step � 1 to 1 do S1[i=n℄ od;n := 0; T;do if 
 = 1 then exit �;if odd(
) then M(n+ 1); 
 := 
� 1;for i := n step � 1 to 1 do S1[i=n℄ od;
 := 2n(
+ 1)� 1; n := 0;T;while even(
) do S2; 
 := 
=2; n := n+ 1 odelse S2; 
 := 
=2; n := n+ 1 � od endIf 
 is odd then the exe
ution of the loop body will leave 
 odd. Sin
e 
 is initially odd (2n+1� 1 isodd for all n > 0) we 
an eliminate the test odd(
):var 
 := 2n+1 � 1:for i := n step � 1 to 1 do S1[i=n℄ od;n := 0; T;do if 
 = 1 then exit �;M(n+ 1); 
 := 
� 1;for i := n step � 1 to 1 do S1[i=n℄ od;
 := 2n(
+ 1)� 1; n := 0;
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T;while even(
) do S2; 
 := 
=2; n := n+ 1 od od endSin
e 
 is initially odd, the while loop 
an be moved to the beginning of the loop. The e�e
t ofthis while loop is to divide 
 by 2ntz(
) where ntz(
) is the number of trailing zeros in the binaryexpansion of 
. Sin
e n is set to zero just before the loop, it also sets n to ntz(
):var 
 := 2n+1 � 1:for i := n step � 1 to 1 do S1[i=n℄ od;T;do n := ntz(
); 
 := 
=2n;for i := 0 step 1 to n� 1 do S2[i=n℄ od;if 
 = 1 then exit �;M(n+ 1);for i := n step � 1 to 1 do S1[i=n℄ od;
 := 2n:
� 1;T od endThe test 
 = 1 will be true only if the binary expansion of 
 at the beginning of the loop 
ontainedexa
tly one 1. If this is not the 
ase then the e�e
t of the loop is to de
rement 
 by one. This meansthat the loop 
ontinues until the most signi�
ant bit of the initial value of 
 is the only bit set, ie
 = 2n0 where n0 is the initial value of n. Thus we 
an 
onvert the loop to a while loop:var 
 := 2n+1 � 1; n0 := n :for i := n step � 1 to 1 do S1[i=n℄ od;T;while 
 6= 2n0 don := ntz(
); 
 := 
=2n;for i := 0 step 1 to n� 1 do S2[i=n℄ od;M(n+ 1);for i := n step � 1 to 1 do S1[i=n℄ od;
 := 2n:
� 1; n := 0;T od;n := ntz(
); 
 := 
=2n;for i := 0 step 1 to n� 1 do S2[i=n℄ od endThe �nal values of the lo
al variables 
 and n do not a�e
t the result of the program; so we 
ansimplify this to:var 
 := 2n+1 � 1; n0 := n :for i := n step � 1 to 1 do S1[i=n℄ od;T;while 
 6= 2n0 don := ntz(
);for i := 0 step 1 to n� 1 do S2[i=n℄ od;M(n+ 1);for i := n step � 1 to 1 do S1[i=n℄ od;
 := 
� 1;T od;for i := 0 step 1 to n0 � 1 do S2[i=n℄ od endNote that for 2n0 < 
 < 2n0+1, ntz(
) = ntz(2n0+1�
) so we 
an represent 
 by 
0 where 
0 = 2n0+1�
.Writing the loop as a for loop (and putting 
 ba
k for 
0) we get the �nal version:var n0 := n :for i := n step � 1 to 1 do S1[i=n℄ od;T;
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for 
 := 1 step 1 to 2n0 � 1 don := ntz(
);for i := 0 step 1 to n� 1 do S2[i=n℄ od;M(n+ 1);for i := n step � 1 to 1 do S1[i=n℄ od;T od;for i := 0 step 1 to n0 � 1 do S2[i=n℄ od endFor the 
ase where S1 and S2 are both skip this simpli�es to:T;for 
 := 1 step 1 to 2n � 1 doM(ntz(
) + 1);T od;
7 Example: The Gray CodeAn n-bit gray 
ode is a sequen
e of 2n n-bit binary numbers (sequen
es of 0's and 1's of lengthn) starting from 00 : : : 0 su
h that ea
h element of the sequen
e di�ers from the next in a singlebit position (and the 2nth element has a single bit set). We want to de�ne a fun
tion g(n) whi
hreturns an n-bit gray 
ode. For n = 0 the gray 
ode is the one element sequen
e hhii. Note thatthere are several di�erent n-bit gray 
odes for n > 1: the problem of �nding all gray 
odes of agiven length is equivalent to �nding all the Hamiltonian 
y
les of a n-dimensional unit hyper
ube.So suppose we have g(n� 1) and want to 
onstru
t g(n). The elements of g(n� 1) will be n� 1bit 
odes; hen
e (h0i ++) � g(n � 1) and (h1i ++) � g(n � 1) are disjoint gray 
ode sequen
es oflength 2n�1. Their 
orresponding elements di�er in only the �rst bit position, in parti
ular the lastelement of (h0i ++) � g(n�1) di�ers from the last element of (h1i ++) � g(n�1) in one bit position.Thus if we reverse the sequen
e (h1i ++) � g(n � 1) and append it to (h0i ++) � g(n � 1) we willform an n-bit gray 
ode. Thus the de�nition of g(n) is:fun
t g(n) �if n = 0 then hhiielse (h0i ++) � g(n� 1) ++ reverse((h0i ++) � g(n� 1)) �.This fun
tion de�nes g(n) in terms of g(n � 1) and reverse(g(n � 1)): this suggests we de�neg(n) in terms of a fun
tion g0(n; s) su
h that g0(n; 0) = g(n) and g0(n; 1) = reverse(g(n)). Note thatreverse(g(n)) = (h1i ++) � g(n � 1) ++ (h0i ++) � reverse(g(n � 1)). So we 
an de�ne g0(n; s) asfollows:fun
t g0(n; s) �if n = 0 then hhiielse (hsi ++) � g0(n� 1; 0) ++ (h1� si ++) � g0(n� 1; 1) �.Finally, instead of 
omputing g0(n� 1; s) and appending either h0i or h1i to ea
h element, we 
anpass a third argument whi
h is to be appended to ea
h element of the result; i.e. de�ne g00(L; n; s) =(L ++) � g0(n; s). We get the following de�nition of g00:fun
t g00(L; n; s) �if n = 0 then hLielse g00(hsi ++ L; n� 1; 0) ++ g00(h1� si ++ L; n� 1; 1) �.The re
ursive 
ase of this version simply appends the results of the two re
ursive 
alls. This suggestswe use a pro
edural equivalent whi
h appends the result to a global variable r. Thus our gray 
odefun
tion g(n) is equivalent to:fun
t g(N) �r := hi :begin
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G(hi; N; 0)wherepro
 G(L; n; s) �if n = 0 then r := r ++ hLielse G(hsi ++ L; n� 1; 0); G(h1� si ++ L; n� 1; 1) �. end;r .Represent the sta
k L of bits as an integer 
 as in Se
tion 6:beginG(1; N; 0)wherepro
 G(
; n; s) �if n = 0 then r := r ++ hbits(
)ielse G(2:
+ s; n� 1; 0); G(2:
+ 1� s; n� 1; 1) �. endwhere bits(
) returns the sequen
e of bits represented by the integer 
. We 
an 
ombine 
 and sinto one argument 
0 where 
0 = 2:
+ s:beginG(2; N)wherepro
 G(
0; n) �if n = 0 then r := r ++ hbits(b
0=2
)ielse G(2:
0; n� 1); G(2:(
0 � 1) � 1; n� 1) �. endwhere a � b is a �bitwise ex
lusive or� operator. Note that we always double 
0 whenever wede
rement n; this suggests representing 
0 by 
 where 
 = 
0:2n:beginG(2N+1; N)wherepro
 G(
; n) �if n = 0 then r := r ++ hbits(b
=2
)ielse G(
; n� 1); G((
 � 2n) � 2n�1; n� 1) �. endWe want to repla
e 
 by a global variable 
0. To do this we add 
0 as a new ghost variable; we assignvalues to 
0 whi
h tra
k the 
urrent value of 
:begin var 
0 := 2N+1 :G(2N+1; N)wherepro
 G(
; n) �if n = 0 then r := r ++ hbits(b
=2
)i; 
0 := 
0 � 1else G(
; n� 1); 
0 := 
0 � 2n; G((
 � 2n) � 2n�1; n� 1) �. end endBy indu
tion on n we prove: f
0 = 
g; G(
; n� 1) 6 f
0 = 
g; G(
; n� 1); f
0 = 
 � 2ng. Then atevery 
all of G we have 
0 = 
 so we 
an repla
e the parameter 
 by the global variable 
0:begin var 
0 := 2N+1 :G(N)wherepro
 G(n) �if n = 0 then r := r ++ hbits(b
0=2
)i; 
0 := 
0 � 1else G(n� 1); 
0 := 
0 � 2n; G(n� 1) �. end endNow we have a standard binary 
as
ade re
ursion for whi
h the transformation of Se
tion 6 gives:begin var 
0 := 2N+1 :r := r ++ hbits(b
0=2
)i;
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for i := 1 step 1 to 2N � 1 do
0 := 
0 � 2ntz(i)+1;r := r ++ hbits(b
0=2
)i od end endFinally, the least signi�
ant bit of 
0 is always ignored and the most signi�
ant bit of 
0 is alwaysthe 2N+1 bit so we 
an represent 
0 by 
 = b(
0 � 2N+1)=2
:begin var 
 := 0:r := r ++ hNbits(
)i;for i := 1 step 1 to 2N � 1 do
 := 
 � 2ntz(i);r := r ++ hNbits(
)i od end endwhere Nbits(
) = bits(
+ 2N+1).Thus, the bit whi
h 
hanges between the ith and (i + 1)th 
odes is the bit in position ntz(i).From this result we 
an prove the following:Theorem 7.1 The ith gray 
ode is i � bi=2
.Proof: The proof is by indu
tion on i. Suppose 
 = i � bi=2
 is the ith gray 
ode. Then fromthe program above, the (i + 1)th gray 
ode is 
 � 2ntz(i+1). The number of trailing zeros in thebinary representation of i + 1 is simply the number of trailing ones in the binary representationof i. Suppose i is even (i.e. there are no trailing ones) and it's N -bit binary representation ishi1; i2; : : : ; in�1; 0i. Then: i = h i1; i2; : : : ; in�1; 0 ibi=2
 = h 0; i1; : : : ; in�2; in�1 ii � bi=2
 = h i1; i2 � i1; : : : ; in�1 � in�2; in�1 ii+ 1 = h i1; i2; : : : ; in�1; 1 ib(i+ 1)=2
 = h 0; i1; : : : ; in�2; in�1 i(i+ 1) � b(i+ 1)=2
 = h i1; i2 � i1; : : : ; in�1 � in�2; in�1 � 1 ii.e. the 20 bit has 
hanged.On the other hand, suppose i is odd and has k trailing ones with k > 0. Sin
e (i+ 1) < 2n wemust have k < n. So: i = h i1; i2; : : : ; in�k�1; 0; 1; 1; : : : ; 1 ibi=2
 = h 0; i1; : : : ; in�k�2; in�k�1; 0; 1; : : : ; 1 ii � bi=2
 = h i1; i2 � i1; : : : ; in�k�1 � in�k�2; in�k�1; 1; 0; : : : ; 0 ii+ 1 = h i1; i2; : : : ; in�k�1; 1; 0; 0; : : : ; 0 ib(i+ 1)=2
 = h 0; i1; : : : ; in�k�2; in�k�1; 1; 0; : : : ; 0 i(i+ 1) � b(i+ 1)=2
 = h i1 i2 � i1 : : : ; in�k�1 � in�k�2 in�k�1 � 1 1 0 : : : ; 0 ii.e. the 2k bit has 
hanged.Whi
h proves the theoremFrom this we derive the following gray 
ode generator:fun
t g(n) �r := hNbits(0)i :for i := 1 step 1 to 2n � 1 dor := r ++ hNbits(i � bi=2
)i od;r .While the previous gray 
ode generator only told us whi
h bit 
hanges from one 
ode to thenext, this one 
al
ulates the ith gray 
ode dire
tly from i without using any previous 
odes.
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8 Towers of HanoiThe well-known �Towers of Hanoi� algorithm is a simple binary 
as
ade re
ursion. The pro
edureH(n; a; b; 
) moves a sta
k of n di�erent-sized disks from peg a to peg b using peg 
 without everpla
ing a larger disk upon a smaller(where a, b and 
 are some permutation of the values f0; 1; 2g):pro
 H(n; a; b; 
) �if n = 0 then skipelse H(n� 1; a; 
; b); move(n; a; b); H(n� 1; 
; b; a) �.where the pro
edure move(n; a; b) moves the disk numbered n from disk a to disk b.The values the parameters a, b and 
 are always a permutation of their initial values, so we 
anrepla
e them by global variables:pro
 H(n) �if n = 0 then skipelse hb; 
i := h
; bi; H(n� 1; a); hb; 
i := h
; bi;move(n; a; b);ha; 
i := h
; ai; H(n� 1); ha; 
i := h
; ai �.Applying the binary 
as
ade re
ursion transformation we get:pro
 H(n) �if odd(n) then hb; 
i := h
; bi �;for 
 := 1 to 2n � 1 doif odd(ntz(
)) then ha; 
i := h
; ai �;hb; 
i := h
; bi; move(ntz(
) + 1; a; b); ha; 
i := h
; ai;if odd(ntz(
)) then hb; 
i := h
; bi � od;if odd(n) then ha; 
i := h
; ai �.Hen
e the sequen
e in whi
h disks are moved in the Towers of Hanoi problem is the same as thesequen
e in whi
h bits are 
hanged in the generation of a gray 
ode.It is often worth trying to simplify a re
ursive pro
edure as mu
h as possible before removingthe re
ursion. In this 
ase we would like to be able to determine the parameters a and b for themove pro
edure from 
 alone sin
e this will greatly simplify the iterative version of the program.Hand simulation for small values of n suggests that ea
h disk always moves in the same dire
tion:either forwards (0 ! 1 ! 2 ! 0) or ba
kwards (0 ! 2 ! 1 ! 0) with disk k movingforwards if N � k is odd (where N is the initial value of n and a = 0, b = 1 and 
 = 2 initially).This fa
t is rather tri
ky to prove from the iterative version of the program, but for the re
ursivepro
edure the proof is a simple indu
tion on n. From the iterative program we know that beforemove 
, disk number k will have moved m(k; 
) times wherem(k; 
) = # f i j 1 6 i < 
 ^ ntz(i) + 1 = k gNow ntz(i) + 1 = k i� i = j:2k�1 for some odd j, so:m(k; 
) = #n j j 0 < j:2k�1 < 
 ^ odd(j)o= #n j j 0 < j < b
=2k�1
 ^ odd(j)o= #n j j 0 < j < b(b
=2k�1
)=2
o= b(b
=2k�1
)=2
So after move 
 the kth disk will have moved to position (m(
; k) mod 3) or (�m(
; k) mod 3)depending on whether it is moving forwards or ba
kwards. Thus the position of disk k before move
 is p(
; k;N) = ((�1)N�k+1m(
; k) mod 3). Thus given 
 and N we 
an immediately determinethe positions of all the disks, the next disk to be moved (it is number ntz(
) + 1), and the peg itmoves to. 27



So our �nal version of the program is:pro
 H(n) �for 
 := 1 to 2n � 1 domove(ntz(
) + 1; p(
;ntz(
) + 1; n); p(
+ 1;ntz(
) + 1; n)); od.
9 Program AnalysisSin
e the re
ursion removal theorem 
an be applied in either dire
tion, and be
ause it pla
es sofew restri
tions on the form of the program, it 
an be applied in the reverse dire
tion as a programanalysis or reverse engineering tool to make expli
it the 
ontrol stru
ture of programs whi
h use asta
k in a parti
ular way. For example, 
onsider the following fun
tion:fun
t A(m;n) �begin d := 0; sta
k := hi :do do if m = 0 then n := n+ 1; exitelsif n = 0 then sta
k := h1i ++ sta
k; m := m� 1; n := 1else sta
k := h0i ++ sta
k; n := n� 1 � od;do if sta
k = hi then exit(2) �;d sta
k;if d = 0 then sta
k := h1i ++ sta
k; m := m� 1; exit �;m := m+ 1 od od end;n .This program was sent by the author as a �
hallenge� to the REDO group at the ProgrammingResear
h group in Oxford to test their proposed methods for formal reverse engineering of sour
e
ode. Their paper [9℄ required eight pages of 
areful reasoning plus some �inspiration� to analysethis short program. With the aid of our theorem the analysis breaks down into three steps:1. Restru
ture into the right form for appli
ation of the theorem (this stage 
ould easily beautomated);2. Apply the theorem;3. Restru
ture the resulting re
ursive pro
edure in a fun
tional form (this stage 
ould also beautomated).If we examine the operations 
arried out on the sta
k we see that only 
onstant elements arepushed onto the sta
k, the program terminated when the sta
k be
omes empty, and the valuepopped o� the sta
k is used to determine the 
ontrol �ow. This suggests that we may be able toremove the sta
k and re-express the 
ontrol �ow expli
itly using our theorem. The �rst step is torestru
ture the loops into an a
tion system and 
olle
t together the �sta
k push� operations intoseparate a
tions:var d := 0; sta
k := hi :a
tions A1 :A1 � if m = 0 then n := n+ 1; 
all =Aelsif n = 0 then 
all B1else 
all B2 �.B1 � sta
k := h1i ++ sta
k; m := m� 1; n := 1; 
all A1.B2 � sta
k := h0i ++ sta
k; n := n� 1; 
all A1.=A � if sta
k = hi then 
all Zelse d sta
k;if d = 0 then 
all B3else m := m+ 1; 
all =A � �.B3 � sta
k := h1i ++ sta
k; m := m� 1; 
all A1.enda
tions end
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This is already almost in the right form to apply the Corollary (4.7) above, all we need to do is tomove the sta
k assignments past the assignments to n and m:var d := 0; sta
k := hi :a
tions A1 :A1 � if m = 0 then n := n+ 1; 
all =Aelsif n = 0 then 
all B1else 
all B2 �.B1 � m := m� 1; n := 1; sta
k := h1i ++ sta
k; 
all A1.B2 � n := n� 1; sta
k := h0i ++ sta
k; 
all A1.=A � if sta
k = hi then 
all Zelse d sta
k;if d = 0 then 
all B3else m := m+ 1; 
all =A � �.B3 � m := m� 1; sta
k := h1i ++ sta
k; 
all A1.enda
tions endApply the transformation in Corollary (4.7) to get the re
ursive version:pro
 F �a
tions A1 :A1 � if m = 0 then n := n+ 1; 
all Zelsif n = 0 then 
all B1else 
all B2 �.B1 � m := m� 1; n := 1; F ; m := m+ 1; 
all Z.B2 � n := n� 1; F ; 
all B3.B3 � m := m� 1; F ; m := m+ 1; 
all Z.enda
tionsUnfold all the a
tions into A1 to get:pro
 F � if m = 0 then n := n+ 1elsif n = 0 then m := m� 1; n := 1; F ; m := m+ 1else n := n� 1; F ; m := m� 1; F ; m := m+ 1 �.We 
an turn the global variables m and n into parameters if we add a variable r to re
ord the �nalvalue of n (the value of m is un
hanged):var r := 0:F (n;m); n := rwherepro
 F (m;n) � if m = 0 then r := n+ 1elsif n = 0 then F (m� 1; 1)else F (m;n� 1); F (m� 1; r) �.endThis pro
edure 
an be written in a fun
tional form:beginr := F (n;m)wherefun
t F (m;n) � if m = 0 then n+ 1elsif n = 0 then F (m� 1; 1)else F (m� 1; F (m;n� 1)) �.endSubstituting this into the original fun
tion we get:fun
t A(m;n) � if m = 0 then n+ 1
29



elsif n = 0 then A(m� 1; 1)else A(m� 1; A(m;n� 1)) �.where we have repla
ed 
alls to F by equivalent 
alls to A.This is the famous A
kermann fun
tion [1℄.
10 Con
lusionThe program transformation theory used in this paper forms the foundation of the �Maintainer'sAssistant� proje
t [10,22℄ at Durham University and the Centre for Software Maintenan
e Ltd. whi
haims to produ
e a prototype tool to assist a maintenan
e programmer to understand and modify aninitially unfamiliar program, given only the sour
e 
ode. The tool 
onsists of a stru
ture editor, alibrary of proven transformations and a knowledge-based system whi
h analyses the programs andspe
i�
ations under 
onsideration and uses heuristi
 knowledge to determine whi
h transformationswill a
hieve a given end (for example, deriving the spe
i�
ation of a se
tion of 
ode, �nding the mostsuitable te
hnique for re
ursion removal, optimising for e�
ien
y et
.) Part of the proje
t involvesbuilding front ends for IBM Assembler and Z spe
i�
ations with the aim of analysing Assemblerprograms and turning them into equivalent high-level language programs and Z spe
i�
ations.
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