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Abstract—Weiser’s original papers on slicing defined the
concept in an informal way. Since then there have been several
attempts to formalise slicing using various formal methods and
semantics of programs. In this paper we start by defining
some properties that a definition of slicing might reasonably
be expected to satisfy and then compare different definitions
of slicing to see which properties are satisfied.

Properties are classified into “floor” requirements: all slices
satisfying the property must be considered as valid, and
“ceiling” requirements: slices which do not satisfy the property
must not be considered valid. Any slicing relation which lies
above a “floor” requirement, or below a “ceiling” requirement,
satisfies the property in question.

The main result of the paper is the proof that, given a
certain property of the programming language (informally:
it is possible to write an infinite loop in the language), two
of the most basic and fundamental properties of slicing are
sufficient to completely characterise the semantic part of the
slicing relation. These properties are: behaviour preservation
and truncation.

I. INTRODUCTION

Many papers on slicing start with an informal or more
formal definition of slicing, and then go on to present a new
slicing algorithm, or the results of analysis of an existing
slicing algorithm. Occasionally, various properties of the
slicing relation may be mentioned: for example, the fact that
the slice of a terminating program should be a terminating
program.

In this paper we will start with a list of properties that
we might reasonably expect a slicing relation to hold, and
then examine a selection of published definitions of slicing
to see which properties are satisfied and, more interestingly,
which properties are not satisfied.

Some properties will use the following definition:
Definition 1.1: A primitive statement (that is: any state-

ment which is not composed of other statements) is x-
preserving, for a given variable x, if the value of x after
executing the statement is the same as the value of x
before executing the statement. A compound statement is
x-preserving if every primitive statement composing it is
x-preserving.
For example, the assignment x := x is x-preserving,
as is an assignment to any other variable. The statement

while true do skip od is also x-preserving. The compound
statement x := x + 1; x := x − 1 is not x-preserving since
neither of the two primitive assignments is x-preserving.

If X is any set of variables, then a statement S is X-
preserving if S is x-preserving for every variable x in X .

II. PROPERTIES

In this section, we will assume for simplicity that we are
slicing on the end of the program. In the following, if S and
P are programs and X is a set of variables, then we say “S
is a slice of P for X” as shorthand for “S is a valid slice
of P when we are slicing at the end of P on the set X of
variables of interest”.

Most properties are either syntactic or semantic: a syntac-
tic property is a property of the syntax of the program while
a semantic property is determined by the semantics of the
program. The property of being x-preserving is intended to
be a syntactic property which can be determined by a simple
inspection of the primitive statements. One could argue the
assignment x := f(x) may or may not be x-preserving,
depending on the semantics of the function f : instead we
define a statement to be x-preserving only when it can be
determined from the syntax of each primitive statement that
the value of x after executing the statement is always the
same as the value before executing the statement, for any
possible semantics.

Generally, the properties fall into two categories: “floor”
requirements and “ceiling” requirements. A “floor” require-
ment lists things which must be included in the slicing
relation, in order for the relation to satisfy the requirement.
For example, Property 3 states that the slicing relation must
allow P itself as a valid slice of P for any variable set.
A “ceiling” requirement defines things which must not be
included in the slicing relation. For example, Property 6 says
that a non-terminating program cannot be a valid slice of a
terminating program.

If we fix on a particular original program and a slicing
criterion, then a floor requirement defines a set of programs
which must all be considered valid slices, for the slicing
relation in question to satisfy the requirement (there may
be other slices outside the given set). A ceiling requirement



defines a set of potential slices such that all the valid slices
must be in the given set: anything outside the given set must
not be a valid slice, for the slicing relation in question to
satisfy the requirement (the slicing relation does not have to
include all the slices in the set).

(A floor requirement is like those signs outside fairground
rides: “You must be this tall to go on this ride”. A ceiling
requirement is like those signs outside children’s play areas:
“You must not be taller than this to play on this equipment”).

More formally: if we define a slicing relation as a set of
triples 〈S, P,X〉 where S and P are programs and X is a set
of variables, then:

R =DF { 〈S, P,X〉 | S is a slice of P for X }
If we define a floor requirement F as the set of all triples
which meet the requirement, then for R to satisfy F we
must have F ⊆ R. For simplicity, we will also define a
ceiling requirement C as the set of all triples which are
valid according to the requirement. So the invalid triples,
none of which must be in R, are precisely those outside C.
With this definition, a slicing relation R satisfies C when
R ⊆ C.

The first four properties are trivial, and non-controversial
floor properties: most people would agree that any slicing
relation ought to include these slices as a minimum:

1) Weaken Criterion: If S is a slice of P for X and X ′

is a subset of X , then S is also a slice of P for X ′.
(Syntactic).

2) Strengthen Criterion: If S is a slice of P for X and
variable y does not appear in P or S, then S is also a
slice of P for X ∪ {y}. (Syntactic).

3) Identity Slice: For any program P and set X , P is a
slice of P for X . (Syntactic).

4) Total Slice: If P is X-preserving then skip is a valid
slice of P for X . (Syntactic).

The next four properties are ceiling properties which de-
fine statements which should not be considered slices (or,
equivalently, define properties which all slices must have):

5) Behaviour Preserving: If S is a slice of P for X ,
then for any initial state on which P terminates, S
must also terminate and, the final value of any variable
x in X must be the same for both S and P. For
nondeterministic programs, the set of possible final
values must be the same for both S and P. (Semantic).

6) Termination Preserving: If S is a slice of P then
S should terminate on each initial state for which P
terminates. In other words, you cannot have a non-
terminating slice of a terminating program. (Seman-
tic).

7) Non-termination Preserving: If P does not terminate
for some initial state, then the slice S must also
not terminate for that initial state. (This property is
“preservation of non-termination”, which is different

from “non-preservation of the property of termina-
tion”!) (Semantic).

8) Syntactic Slice: If S is a slice of P, then it should be
possible to construct S from P by deleting statements
only (or by replacing statements by skip statements).
Replacing statements by skip statements makes it
clear which statements have actually been deleted. For
example, if P is the program x := 1; x := x+1; x :=
1 then a valid slice is the program x := 1, but it is
not clear which of the original x := 1 assignments
has been deleted and which has been retained. If we
replace statements by skip statements then we can
distinguish the two slices: x := 1; skip; skip and
skip; skip; x := 1. Note that this is a purely
syntactic relation which is orthogonal to all the purely
semantic relations in this list. See [23] for the formal
definition of the reduction relation. (Syntactic).

The next seven properties are floor properties which define
statements which should be allowed as slices:

9) Replacement Property: If any component of a state-
ment is replaced by a semantically-equivalent com-
ponent, then the resulting program should be seman-
tically equivalent. In terms of slicing: replacing a
component of the slice by a semantically equivalent
component should produce a valid (semantic) slice.
Similarly, the original slice should be a valid slice of
any program generated from the original program by
replacing any component by a semantically equivalent
component. Note that this conflicts with Property 8, so
for syntactic slicing the replacement property should
only apply to a replacement which is also a reduction.
(Syntactic and semantic).

10) Ditchability: The slicing relation should allow dele-
tion of any code which does not (directly or indirectly)
affect the value of any variable of interest. This
definition is purposefully vague about what precisely
counts as “affecting” the variables of interest, for
reasons which will become clear later. (Syntactic and
Semantic).

11) Truncation: A special case of ditchability is deleting
code at the very end of the program which does not
modify any variable of interest. In a sense, this is
the simplest possible example of deleting irrelevant
code. A precise formal definition of the property is
the following: if P is of the form S1; S2 and S2 is
X-preserving, then S1 should be a valid slice of P on
X . (This is a purely syntactic subset of Property 10).

12) Unreachable Code: The slicing relation should allow
deletion of unreachable code: that is, code which is
syntactically unreachable (e.g. a procedure definition
for which there are no calls), or code which cannot be
executed on any possible execution of the program.
An example of the latter case is the program:



if false then x := 1 fi
To satisfy this property, a slicing relation should allow
deletion of this statement, even when x is a variable
of interest. More generally:
x := 1; if x = 1 then S1 else S2 fi
A slicing relation should allow deletion of S2, since
it will never be executed. (Syntactically unreachable
code is a syntactic property, the more general case is
both syntactic and semantic—and, like most semantic
properties, non-computable).

13) Dependency Slice: The System Dependence Graph
(SDG) [16] is an extension of the Program Depen-
dence Graph (PDG) [7,14,17,18]. This graph records
control and data dependencies. A slice can be con-
structed from the SDG by forming the transitive
closure of control and data dependencies [14] . To
satisfy this property, the slicing relation should allow
all slices so constructed as valid slices. (Syntactic).

14) Pruned Dependency Slice: The SDG is constructed
from the Control Flow Graph (CFG) of the program.
Naı̈ve algorithms for constructing CFGs may include
edges which are never taken during execution. A
“pruned CFG” is a CFG from which unreachable
edges and nodes have been deleted. A “pruned SDG”
is an SDG constructed from a pruned CFG. This
property requires that any slice constructed by ap-
plying the SDG algorithm to a pruned SDG should
be a valid slice. This is therefore a special case
of Property 12 (unreachable code). As an example,
consider the statement:
if false then x := y + 1 fi
where x is the variable of interest. A direct transla-
tion to a CFG followed by computation of the SDG
slice would include the statement x := y + 1. Any
preceding code to compute the value of y would also
be included. Note that Property 12 (unreachable code)
requires that this statement can be deleted, but does
not require deletion of the code which computes y.
(Either syntactic, or syntactic and semantic, depending
on how the unreachable code is determined).

15) Existing Implementations: What actual slicers do is
useful: in other words, if a well-known slicer deletes
some code and it is generally agreed that the code can
be deleted (i.e. it is not a bug), then the definition
of slicing should allow the deletion. Note that we
should be careful not to mandate “flaws” in current
implementations: i.e. just because an implementation
does not delete a particular statement does not mean
that deleting the statement produces an invalid slice.
(Syntactic).

The final property is a ceiling property which is rather more
controversial than the others:
16) Small Ripple Principle: Small changes in the pro-

gram should produce only small changes in its slices.
At first sight, this may seem a reasonable request,
but consider the second example from Property 12. A
slicer with Property 12 is allowed to delete S2, leaving
S1 as the slice. Now we make the smallest possible
change to the program (change a single bit) to give:

x := 0; if x = 1 then S1 else S2 fi
Now the slicer can delete S1 leaving S2 as the result.
Now, S1 and S2 may have arbitrarily large differences,
so any slicer which satisfies Property 12, is such that
a small change in the program can produce arbitrarily
large changes in its slices. Because of this problem,
the “small ripple principle” will not be considered any
further. (Syntactic).

III. SOME PUBLISHED DEFINITIONS OF SLICING

In this section we will consider a selection of formal
definitions of slicing from the literature against the properties
listed in the previous section.

A. Weiser’s Definition

Weiser [25,26,27] defined a slice S as a reduced, exe-
cutable program obtained from a program P by removing
statements, such that S replicates part of the behaviour
of P. He mentions that slices of a terminating program
must also be terminating, so this definition clearly satisfies
Properties 5 and 6 (behaviour and termination preservation).
Weiser does not directly address Property 7 (non-termination
preservation), but his algorithm for slicing will delete code
which has no dependencies on the variables of interest,
regardless of whether or not it terminates. So Weiser’s
form of slicing does not satisfy Property 7 (non-termination
preservation).

1 read(X)
2 if (X)

then
. . .
perform any function not involving X here
. . .

3 X := 1
4 else X := 2 endif
5 write(X)

Figure 1. Weiser’s Example Program

Regarding Property 12 (unreachable code), Weiser’s algo-
rithm does not necessarily delete unreachable code but his
argument proving the non-existence of an algorithm to find
minimal slices assumes that unreachable code can be deleted
to give a valid slice. He presents the program fragment in
Figure 1 and writes: Imagine slicing on the value of X at
line 5. An algorithm to find a statement-minimal slice would
include line 3 if and only if the function before line 3 did



halt. Thus such an algorithm could determine if an arbitrary
program could halt, which is impossible. Properties 13 and
14, which concern slices computed from dependencies, are
therefore also satisfied by Weiser’s form of slicing.

B. Reps and Yang’s Definition

Reps and Yang [19] define a slice in terms of data and
control dependencies. In effect they make Property 13 a
ceiling requirement as well as a floor requirement. For
Weiser’s example in Section III-A, therefore, line 3 must be
in the slice, regardless of whether or not the function before
line 3 terminates. The main results of their paper are to prove
that the PDG slice satisfies Properties 5 (behaviour preser-
vation) and 6 (termination preservation). They note that a
slice may terminate when the original program diverges, so
their definition does not satisfy Property 7 (non-termination
preservation).

C. Binkley and Gallagher’s Definition

Binkley and Gallagher’s survey of program slicing [5]
defines a slice as follows:

Definition 3.1: For statement s and variable v, the slice
S of program P with respect to the slicing criterion 〈s; v〉
is any executable program with the following properties:

1) S can be obtained by deleting zero or more statements
from P.

2) If P halts on input I , then the value of v at statement
s each time s is executed in P is the same in P and S.
If P fails to terminate normally s may execute more
times in S that in P, but P and S compute the same
values each time s is executed by P.

This definition satisfies Property 5 (behaviour preservation).
It also satisfies Property 6 (termination preservation): at least
for cases where the slicing point is at the end of the program.
Again, Property 7 is not satisfied: if P fails to terminate
normally, then the slice may execute the statement in the
slicing criterion more times than P. In the case of end-
slicing, therefore, the slice may terminate (executing the
statement at the end of the program exactly once) when the
original program did not terminate.

However, this definition does not satisfy Property 3
(identity slice) when the programming language includes
nondeterminism. Consider the program P:

if true → x := 1
�� true → x := 2 fi;
y := x

where we are slicing on the value of x at the assignment to
y. According to Binkley and Gallagher’s definition, there
are no valid slices of P! Even P itself is not a valid
slice: since the value of x at y := x may be different
each time y := x is executed. This might appear to be
unimportant in practice (since most executable programs are
also deterministic), but in the context of program analysis

and reverse engineering it is quite common to “abstract
away” some implementation details and end up with a
nondeterministic abstraction of the original program. If one
wishes to carry out further abstraction on this program via
slicing, then it is essential that the definition of slicing, and
the algorithms implementing the definition, are able to cope
with nondeterminism.

D. Slicing Defined In Terms Of Refinement

Weiser’s informal definition of a program slice (see Sec-
tion III-A) contains two elements:

1) A syntactic element: the slice is obtained from the
original program by deleting statements and

2) A semantic element: the slice preserves part of the
behaviour of the original program.

In [20] the author defined slicing as a combination of a
syntactic relation (reduction) and a semantic relation (refine-
ment on a restriction of the semantics of the program to the
variables of interest). A slice is a reduction of the original
program if it can be obtained from the original program by
replacing statements by skip statements. This is equivalent
to statement deletion, since a skip statement has no effect,
but allows the programmer to map each statement in the slice
back to the corresponding statement in the original program
in an unambiguous way.

Using refinement as the semantic relation will allow
irrelevant code to be deleted, regardless of whether or not
the deleted code terminates. So Properties 10 and 11 (ditcha-
bility and truncation) are satisfied. Properties 13 and 14 are
also satisfied. As with many other definitions, Property 7
(non-termination preservation) is not satisfied.

A major flaw with this definition of slicing is that it
is not behaviour preserving for nondeterministic programs
(Property 5). For example the nondeterministic program:

x := 1;
if true → x := 1
�� true → x := 2 fi

always terminates and assigns x the value 1 or 2 nondeter-
ministically. A refinement of this program is:

x := 1

which always assigns the value 1. A programmer cannot
analyse a slice of the program and then deduce facts about
the value assigned to a variable in the original program
(assuming that the original program terminates). In the
example above, the slice always sets x to the value 1, but the
original program may set x to the value 2. So this definition
of slicing does not satisfy Property 5 (behaviour preserving).

This flaw was recognised and fixed in a later formalisation
of slicing (see Section III-G).

E. Slicing Defined In Terms Of Equivalence

Noting that Weiser’s definition is a combination of a
syntactic relation and a semantic relation, Harman et al



[12] presented a very general definition of a slice as a
combination of:

1) A computable partial order and;
2) An equivalence relation on the semantics of the pro-

gram.

Since the partial order is a computable relation, it must
be a purely syntactic relation (due to the Halting Problem,
the semantics of a program cannot be determined by a
computable function, so the partial order cannot be a se-
mantic relation). This implicit fact is made explicit in later
work [4,11] where the partial order is defined as a syntactic
relation. The semantic equivalence relation is not otherwise
specified, so this formulation defines a very large number of
“slicing” relations: including degenerate relations in which
any program is a slice of any other program, and relations
in which no program has any slices apart from itself. It
is presumably intended that the slices should be behaviour
preserving.

Defining slices in terms of semantic equivalence (using
a standard semantics) will not allow deletion of irrelevant
code when the irrelevant code may or may not terminate.
For example, suppose we are slicing on the final value of x
in the following program:

. . . lots of code which determines the value of y . . . ;
x := 1;
while y = 0 do skip od;

The while loop does not affect the value of x, so we would
like to delete it (along with all the code which sets y). But if
the preceding code sets y to the value zero, then the loop will
not terminate. So the loop, and all the code which determines
the value of y, has to be included. So this definition does
not satisfy Properties 10 or 11.

Kamkar [15] defined slicing according to strict semantic
equivalence. This form of slicing therefore preserves Prop-
erties 6 and 7: preserving termination and non-termination
of the original program, but at the expense of larger slices
in general. This approach does allow the programmer to
deduce that the original program terminates, if it can be
proved that the slice terminates. But it would make more
sense to divide the problem into two smaller, orthogonal
problems: (1) Determine the conditions under which the
original program terminates, and (2) Compute a slice without
needing to preserve non-termination (since removing this
restriction is likely to give a smaller slice).

In [4], Binkley et al refer to the lazy (or demand driven)
semantics of [6] and in [3] they claim that “slicing is more
closely related to forms of lazy semantics than to standard
semantics”. With a lazy semantics, roughly speaking, code
is only executed if the value of an assigned variable is
“demanded”. For example, if we are slicing on x, then a
loop such as:

while y > 0 do y := y + 1 od

(where y can hold any integer value) is semantically equiv-
alent to skip, regardless of whether or not it terminates. If
the value of y is demanded, then the loop is equivalent to
abort if y > 0 initially.

Lazy semantics has a number of problems:

1) The semantics does not satisfy the replacement prop-
erty. The loop while true do x := x od is an
abort if x is demanded. But the assignment x :=
x is equivalent to skip. Replacing the assignment
by an equivalent skip statement in the loop gives:
while y do skip od, which in lazy semantics is
always equivalent to skip. So, replacing a component
of a program by an equivalent component does not
necessarily produce an equivalent program, and the
slicing relation does not satisfy Property 9 (replace-
ment).

2) The semantics defines some infinite loops as terminat-
ing. But in reality, these loops do not terminate when
the program is actually executed on a machine. So the
slicing relation is neither termination preserving nor
non-termination preserving (for the usual meaning of
“termination”). For example, consider the program:

y := 0;
y := 1;
while y = 0 do skip od
This program always terminates. A lazy-semantic
equivalent slice (when x is demanded) is:

y := 0;
while y = 0 do skip od
which never terminates (this example contradicts the
claim in [13] that slicing using lazy semantic equiva-
lence “shall never introduce nontermination”). On the
other hand, the program:

y := 1;
y := 0;
while y = 0 do skip od
does not terminate, but the lazy-semantic equivalent
slice:

y := 1;
while y = 0 do skip od
does terminate.

3) Since some infinite loops are equivalent to skip and
others are not, the semantics sometimes allows code
after an infinite loop to be deleted and in other cases
it does not. Consider Weiser’s example program in
Figure 1 and suppose that the code before line 3 is a
non-terminating loop such as while true do skip od.
Weiser says that line 3 can be deleted in that case.
The lazy semantics allows deletion of the infinite
loop, but does not allow deletion of the assignment
on line 3, even though we know that the assignment
can never be reached. So this definition of slicing



does not satisfy Property 12 (deletion of unreachable
code) or Property 14 (pruned SDG). Ironically, if the
infinite loop contained the assignment x := x, then
the assignment on line 3 can be deleted, but now the
loop cannot be deleted!

A later reformulation of the lazy semantics [9] does satisfy
the replacement property, and so fixes problem 1, but the
other problems remain.

The intent of lazy semantics is to “capture” the semantics
of program dependency [6,9]. But the semantics of program
dependency is not completely captured. For example, with
the program:

if false then x := 1 fi

the PDG algorithm says that the final value of x depends
on the assignment in the if statement, but the lazy semantics
says that this assignment can be deleted. The pruned-SDG
algorithm will prune the assignment and therefore give
a result consistent with the lazy semantics. But the lazy
semantics does not capture the semantics of the pruned-SDG
slice either! Consider the example:

while true do skip od;
x := 1

The pruned-SDG property says that the assignment to x is
not needed: since it can never be reached by any execution
of the program. To be precise: in the CFG, the edge from the
loop test to the assignment is labelled false, and so can be
deleted by the pruning process, along with the assignment.
But the lazy semantics says that the assignment is needed!

Binkley, Harman and Danicic [4] define a state trajectory
as a finite sequence of pairs of the form: (n, s) where n
is a line number and s is a state. They define a projection
function on state trajectories which restricts the trajectory to
the line number of interest and the variable(s) of interest.
They define a form of “equivalence” which states that for
every initial state, the state trajectories for the two programs
must agree on the variable(s) of interest at the line number
of interest. The problem with these definitions is that a
non-terminating program does not give rise to any state
trajectory (since a state trajectory is defined to be finite).
So a non-terminating program agrees (vacuously) with any
other program on any initial state and slicing criterion!
So any non-terminating program is a valid slice of any
other program. (This does not mean that any program is
semantically equivalent to any other program: their semantic
relation is not transitive, so it is not actually an equivalence
relation).

A problem with every attempt to define slicing in terms
of semantic equivalence (not just lazy semantics) is that
no slicing definition based on equivalence can satisfy both
Property 5 (behaviour) and Property 11 (truncation): this
will be proved later in the paper (Theorem 4.5). A corollary
of this result is that no slicing relation based on semantic

equivalence satisfies Property 10 (ditchability).

F. Slicing Defined In Terms Of Transfinite Semantics

Giacobazzi and Mastroeni [10] claim that program slic-
ing requires techniques which can observe “computations
that may occur after a given number of infinite loops”,
claiming that “This generalization is necessary to deal with
. . . program slicing”, presumably because such computations
are included in the traditional dataflow-bases slices. They
present a transfinite semantics which defines the behaviour
of a program as a sequence of states whose length may be
a transfinite ordinal. But this seems to confuse a necessarily
imperfect algorithm for slicing with the definition of slicing.
There is no need to introduce a new non-standard semantics
for slicing in order to work around a deficiency in a popular
algorithm for computing slices. (Their semantics also does
not satisfy the replacement property, Property 9.)

On the other hand, if their aim is really to capture
the behaviour of a dataflow-based slicing algorithm in the
semantics of the program, then their semantics fails to do
so, because although code after a false branch out of an
infinite loop is included in the semantics, code after a false
branch in a conditional statement is still not included. In the
transfinite semantics if false then x := 1 else x := 2 fi
is equivalent to x := 2, but the dataflow-based slicing
algorithm will include the statement x := 1 if we are
slicing on x. So the transfinite semantics does not capture
the behaviour of dataflow-based slicing algorithms.

Nestra [Harmal Nestra 2006] claims that dataflow slices
are “not correct w.r.t. standard semantics” because infinite
loops may be sliced away. But this assumes that the semantic
relation between a program and its slice has to be an
equivalence relation. His “fractional semantics” has the same
problems as other transfinite semantics.

G. Slicing Defined In Terms Of Semi-Refinement

To fix the problems caused by defining slicing in terms
of refinement, we invented a new semantic relation: semi-
refinement [21,23,24]. Program S2 is a semi-refinement of
S1, written S1 � S2, provided:

1) If S1 terminates on some initial state, then S2 also
terminates with the same set of possible final states;

2) If S1 does not terminate, then S2 can do anything at
all.

In terms of a denotational semantics which maps each initial
state to the set of possible final states, if f1 is the semantics
for S1 and f2 is the semantics for S2, then S1 � S2 iff:

∀s. (⊥ ∈ f1(s) ∨ f2(s) = f1(s))

where ⊥ is the special state denoting nontermination.
Semi-refinement can equivalently be defined in terms of

weakest preconditions (see [23]).
For any program S and condition R on the final state, the

weakest precondition WP(S, R) is the weakest condition on



the initial state such that if S is started in a state satisfying
this condition, then it is guaranteed to terminate in a state
satisfying R. Using weakest preconditions:

S1 � S2 iff S1 is equivalent to {WP(S1, true)}; S2

If S1 does not terminate, then WP(S1, true) is false and
the assertion {WP(S1, true)} is abort. In this case, both
sides of the equivalence are abort, and the equivalence is
satisfied, whatever the semantics of S2. If S1 does terminate,
then WP(S1, true) is true and the assertion is a skip state-
ment. In this case, we must have S1 semantically equivalent
to S2.

Slicing based on semi-refinement satisfies properties 1, 2,
3, 4, 5, 6, 9, 10, 11, 12, 13 and 14. Syntactic slicing, defined
as program reduction plus semi-refinement, also satisfied
Property 8. As we will see later, Property 7 (non-termination
preservation) is incompatible with Property 11 (truncation)
and therefore it is also incompatible with Property 10
(ditchability).

Table I summarises the results for a selection of the more
important properties on all of the slicing relations we have
considered:
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Weiser � � × × � � �

Reps & Yang � � × × × � ×
Binkley & Gallagher ?1 � × � � � �

Refinement × � × � � � �
Kamkar Equivalence � � � � × � ×

Lazy Equivalence � × × ?2 × � ×
Semi-Refinement � � × � � � �

1Only for deterministic programs
2Depends on the precise semantics

IV. CHARACTERISATION OF THE SLICING RELATION

In this section we will prove two theorems which show
that properties 5 and 11 are sufficient to completely charac-
terise a slicing relation: this relation turns out to be semi-
refinement.

The first theorem shows that no slicing relation defined
in terms of equivalence will satisfy Property 11 (truncation),
other than the trivial relation in which every program is
equivalent to every other program.

We will use very few properties of slicing and of the
programming language and its semantics.

Definition 4.1: Given a semantic equivalence relation ≈
and a set X of variables in the final state space, the

restriction of ≈ to X , denoted ≈X is the equivalence relation
defined by taking all variables apart from those in X out of
all the final states and comparing the result.
Note that if S1 ≈ S2 then for any X , we have S1 ≈X S2.
Also, if S1 ≈X S2 and X contains all the variables in S1

and S2, then S1 ≈ S2.
The only property we need of the programming language

and its semantics is the following:
Definition 4.2: A programming language and its seman-

tics is potentially divergent if, for any given set X of
variables of interest: there is a program abort(X) which
is locally x-preserving for all x ∈ X and which does not
terminate for any x ∈ X . The formal definition is that for
any program S:

S; abort(X) ≈X abort(X)

This just means that a potentially divergent language is
any language in which it is possible to write an infinite loop.
For example, in WSL semantics we have abort, or {false},
or while true do skip od. These are all suitable candidates
for the definition of abort(X) for any set of variables X .

In the lazy semantics of [4,8] we can define abort(X) as

while true do x1 := x1; x2 := x2; . . . ; xn := xn od

which contains assignments for all the variables x1, . . . , xn

in X , but is still locally x-preserving for all of these
variables, since each variable is assigned its current value.

Definition 4.3: A semantic equivalence relation ≈ par-
tially defines a slicing relation R if whenever S′ is a slice
of S, according to R, on variable set X , then S and S′ are
equivalent according to ≈X , ie:

S RX S′ ⇒ S ≈X S′

Note that programs may be equivalent which are not slices
of each other, but that every program is equivalent to all its
slices (on the appropriate projection).

Definition 4.4: The universal equivalence relation is any
semantic equivalence relation ≈ such that for all statements
S1 and S2:

S1 ≈ S2

With these preliminaries out of the way, we can now
present the main result of this section in the form of a
theorem:

Theorem 4.5: Any equivalence relation ≈ which partially
defines a truncating slicing relation R on a potentially di-
vergent language and semantics, is the universal equivalence
relation.

Proof: Let R be any truncating slicing relation on
a potentially divergent language. Let ≈ be any semantic
equivalence relation which partially defines R. Let S be any
statement and X be any set of variables.



Consider the program: S; abort(X). By Truncation, S is
a valid slice of S; abort(X), i.e:

S RX S; abort(X)

Since ≈ partially defines R, we have:

S ≈X S; abort(X)

By potential divergence we have:

S; abort(X) ≈X abort(X)

Therefore, by the transitivity of ≈X :

S ≈X abort(X)

But this holds for any statement S. So for any statements S1

and S2:

S1 ≈X abort(X) and S2 ≈X abort(X)

So by the symmetry and transitivity of ≈:

S1 ≈X S2

But this is true for every X: in particular, for the set which
contains all variables in S1 and S2. So:

S1 ≈ S2

But this is true for all statements S1 and S2, so ≈ is therefore
the universal equivalence relation. �

This means that any slicing relation which satisfies Prop-
erty 11 (truncation), and which is defined in terms of seman-
tic equivalence, must be the universal equivalence relation.
In which case, it does not satisfy Property 5 (behaviour
preservation).

In order to satisfy Property 5, the semantic slicing re-
lation must be semantic equivalence (on the variables of
interest) when the original program terminates. What slices
are allowed when the original program does not terminate?
The next theorem shows that if the slicing relation satisfies
Property 11 (truncation), then it must allow any program as
a valid slice of a non-terminating program.

Theorem 4.6: Any semantic relation � which partially
defines a truncating slicing relation R on a potentially diver-
gent language and semantics, is such that for all statements
S:

abort(X) �X S

Proof: Let R be any truncating slicing relation on
a potentially divergent language. Let ≈ be the semantic
equivalence relation defined by the semantics (i.e. S1 ≈ S2

if the semantics of S1 and S2 are identical). Let � be any
semantic relation which partially defines R. Let S be any
statement.

Consider the program S; abort(X). By truncation, S is
a valid slice of S; abort(X), according to R. Since �
partially defines R we have:

S; abort(X) �X S (1)

By potential divergence, we have:

S; abort(X) ≈ abort(X) (2)

Therefore, by substituting 2 into 1 we have:

abort(X) �X S

So, since � partially defines R, we see that S is a valid slice
of abort(X). �

Putting these results together, we see that any slicing
relation which satisfies properties 5 and 11 must:

1) be semantic equivalence where the original program
terminates, and;

2) allow any program as a slice when the original pro-
gram does not terminate.

This is precisely the definition of semi-refinement! So there
is only one slicing definition which satisfies these two funda-
mental properties of slicing. Fortunately, this definition also
satisfies many other useful properties (see Section III-G). So
we can say that these two properties completely characterise
the slicing relation.

V. SLICING IN FERMAT

The FermaT transformation system includes three slicing
algorithms:

1) Simple Slice implements a simple slicing algorithm
for structured programs. This algorithm has been for-
mally proved correct by deriving the algorithm from
a formal specification for slicing via a process of
transformation and refinement.

2) Syntactic Slice implements an interprocedural syn-
tactic slicer which can handle unstructured code.
The algorithm first analyses the program into “basic
blocks”. It then computes the Static Single Assignment
(SSA) form of the program, and the control dependen-
cies of each basic block using Bilardi and Pingali’s
algorithms [2,17]. FermaT tracks control and data
dependencies to determine which statements can be
deleted from the blocks. Tracking data dependencies is
trivial when the program is in SSA form. FermaT links
each basic block to the corresponding statement in the
original program, so it can determine which statements
from the original program have been deleted.

3) Semantic Slice which implements a semantic slicer
as a combination of transformations and syntactic
slicing.

Semantic Slice uses a number of transformations, in-
cluding constant propagation, abstraction of non-iterative
code to a specification statement, refinement of a speci-
fication statement, selective loop unrolling and so on. An
example is the following:

x := 3;
v := v + x;
var 〈x := y〉 :



x := x + 1;
z1 := x;
x := z2 + x;
v := v + x;
y := 0 end;

q := v

Slicing on the final value of q gives this result:

q := v + y + z2 + 4

An example involving selective unrolling is the following
program [1,22]:

while p?(i) do
if q?(c)

then x := f ; c := g fi;
i := h(i) od

where we are slicing on the final value of x.
Here, the normal dependency tracking slicing algorithms

will assume that the assignment c := g is needed: even
though this assignment has no effect on x. So these algo-
rithms will include the whole program. By using selective
unrolling, FermaT’s semantic slicer is able to generate a
much more concise result:

if p?(i) ∧ q?(c) then x := f fi

VI. CONCLUSIONS

This paper is not intended to be a comprehensive clas-
sification and analysis of all possible properties and all
published slicing definitions. Rather it is a starting point
and springboard for further research. The main result of
this paper is the fact that two of the most basic and funda-
mental properties of slicing, together with a basic property
of the programming language semantics, are sufficient to
completely characterise the semantics of the slicing relation:
in the sense that there is only one possible slicing relation
which meets all the requirements.

Another way of looking at this is to say that the “ceiling”
property of behaviour-preservation and the “floor” property
of truncation are identical: there is no room to fit more than
one semantic relation (semi-refinement) in between these
two properties. (Recall that any relation R satisfies ceiling
property C iff R ⊆ C, while R satisfies floor property F iff
F ⊆ R. If F = C then we can only have F ⊆ R ⊆ C when
R = F = C). By itself, semi-refinement defines Semantic
Slicing [23]. If we add the syntactic relation of reduction
(Property 8) then we get Syntactic Slicing. In [23] we show
that Conditioned Slicing, Dynamic Slicing and many other
variants can also be defined in terms of semi-refinement.
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